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Stacks and aqueues are sequances 22 items, whiech are

nermitted to5 ereow &and contract orly bdy fallowire c<cpe-~icl

e

R A T

§1]
ct
—

5
b
whe
3
D
3
u

discinlines fer addirg and remerving items 3 haip 274 y

FAYTES

3

- peints.

I» a stack, &ll insertions and deletiorns are done at conly

one end of & sequence. Stac<£s have the preparty that the i

N e i S

B v

las* iter irserted is tae first iter thet ca» bhe removed a-4d

.-

SR AR,

for this r=ason, they are sometimes called LIZC lists, after

LU T

tais "last-in,first-out’ vroperty.

b

In a qusue, all insertions ars don= at on2 =2nd, ralled the

rear or back, and all desletions ares dore at th=s ¢cther end,

R R I ]

called frent. Quauss heva the nrodarty that the first iter

ad where ws ywigsh o r~rocecs

w

of arrivel”. Thus, cuoues are u

iters under a " first-ceme,first-served’ disciplina=[127,
In adiition to LIFO0 ard TITC Aisciplines there ic 2

"largest-in, first-cut’ discipiins. * data structurs  whick

£01lows this discipline is called & »riority cusue.
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A, WIAT IS A FRICRITY CUWUY

4 onrierity quauve 1is a 1ata stryctura which helds Adata
iterms with arn associated priority., Items ~an be irserted in

the oeieority quaue irn anp ardltrery crier tut

time only the item with the hizhest pricerity in the p-icrity

Pode
'S
4D
}de
n
fu

guaue may b2 accessed eor delated,. More nreclisely

priority qusue ard X is an item contairnine nriority fro- a

lirsarly-crdar=d ssgt, thar fcllewing operations er= defired:
Create()..... Create ar ernty »rioritr cuszue.

2

W

-

r4
N
3
-t
o
.2
—
D
Nt
L3
.
L]
3

t whethar a dricerity cusus is 2mnty

Insert(¥,C}.. 4dd item X to tae rollection of i1tems ir (

Telate(2).... Pomerve the {ter with th= ui
cn the &, If ¢ 1is

Boest(C)eeeses Reotur

3

the item with th= i

>

Pfurc(X)..... Ccmpute tha priority cof the iter
Treeg are mestly used te imdlament wricerity cueuvess, ts
it will bde s=2en in the nexzt chapters, ncile representetiors

ar

[¢)]

assurad tc  contein only 3 nricrity £i=14, neirters te
arotrher noaes, and sore intecer fields. 3ut, » fact in
ddition te this infermaticn, there may *= cthar niscas of

irformaticn or vointers to particular 2ven

3
—+
w
[
v ]
£ 2
o
<
wn
%
e 3
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have 30 Yo executed. A rodz structure ip a rriority cusue

céan he in rthe form:

oot o T aakIIITany
i KEY{ I, Yy
; : :1nformation;
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where the YTY f£ield certains th2 vricrity of ths {tem,
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field ‘I’ coateins either data, 2vants or jods which nave te

he executed, In the calculation taraza regnuirerert for
cach method in the follewing serticorn, will t=2 used to
indicate the size of efither data,evern j tuxilliary

information field contains pointe \ R & redag,

W, L et e 1

counts, balance factor,... etc.,waich proviie to rmaintein

the priority queune structure.
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B. PRIORITY QUEUE APPLICATIONS

A ek 8T S R bl VR

Priority quoues car be usea ir sorting arnd celectien

problems. The id=a of selecticn serting is

o
Syl

Ty i
Parkiitorane

priority queue usine successive

TR

then eamptyine the gusu
repeatedly[2]. An algorithm
priority queue has been giver telow wher2

queve,

3 e b i

input: An array & of N items.
Cutput: Array A4 sorted into ron increasing orcer,
2EGIN
FCR i=1 to & TC
insere(0, A[1))5 (®212 a[i] <o tne callection®}
(* cf 1items in 2., =)

FCR 1i=1 to 4 IC

A1) :=delata(C)s {* Hut trz ftem with hishest priecrityx)

(* into output area, *)

Prioristv queues also arise in certeir rurericeal

S T N i 0 il SO Y e PR L8 0 Ko s o S

1taraticas. On2 scheme for adeptive guadrature maintairs a

priority queue of subinterval whose uniorn constitutes the

I

b

irtarval of integration’ sach sudint2rval is ladaled wigk

the estimated error comrmitted in the rurerical irntezration
over {t, In each step of the itaraticn, the subintarval wig-

i

the largest error i1s removed fror the gqueue and disectrez,

S B




Then the rurerical inteazration is verformed over these two
smaller subintervals, which are insertsd inte ths guevs. The
iteration stops when the total estimated error 1is reduced

below a orescribed telerancel3].

An obvious apnlicetion of orierity queues 1is ir
o,2rating ard industrial nractice fer the schedulirg of jobs

according to fizxed pricrities. Ir this situation jobs with

vriorities attachad s=sater a systam, and tha job cf highest

nriority is always the =next to be exacuted. 3ut, in order to
oprevant a low-priority job trem bvaine d2layed

the restriction to fived priorities may bde violatedZ

Priority quen
well-krown sravh &lxz nh frus! 20T
minurum spanning t a minumum snanning tree is

network of n nodes connected by edz2s with least cost,
whare cost of a network is th2 sum ecf distanres cf its
edges), the precedure of sorting all e
through ths scrt2d list can he renlaced

irto a priority gueue and th

the srallest edze[Z,41, Siriler zprlications aave theen
for priority gueues ir shortast path rroblsms whirh comrmonly
arise cn retwor¥s (4,5,6]). An 2laoerithr in
languaeze for corzuting svanning tr2e by usinre
aueue has heen glver helow, where & 1s the set of

the minumur spanning tree end € is a pricrity ocuevs,
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Input: Set of edges each having a cost value associatad

with i3,

Cutnut: Set of =24g2s which satisfy minumum spannirg tree

property.

)

i te th2 celleecticr =)
in 0. *)
FOR i=1 to N IO
edge=delete ()5 (* remove the ede2 with mirnurur cost.X)
IT edge car be 2dd24 to G withcut forming a leor TWEN
=G + edge; (¥add edge to the collection of edses
(* in )

INT.

Priority queues sen also be used ir the irplerertatiors
cf branch—and-hound elgerithm, In zarticular thay > usz24
to imnlerant the ‘hest-first’ tratezy f{alse

hranching from tha largest uppar seurd! [1€].

Firally, Charters’ osrire nu-bder
priority cusus in s to reduc=
requirementsf{s,8]. 3. L has
gu=suas : > ¢ tin

elgorithms [, 4],

s e

o e e ol

w i

o g0

Wl e BRHASA A Db




II. IMPLEMENTATION AND THE WORST CASE ANALYSIS

and Fix opriority. 2 node structur2 and brief algerithm fer
cach method has beer givern.

An addition to th=s2 methods irdiceted above, a oricority
quaue schere can also bhe irnlemented by v 3 P=tree
structure which was disceverad in 1064 by A
0le-Johan Dakl and a bdinomial cueus structure
discovered 1in 10785 by Jearn Vuillerin [3]. An imol=apentaticn
and 3etail an2lysis cof a Hinomial cueue syructure
studisd by To-ewn Mart Rebtian in
Stanford University.

Th2 analysis ¢f algcerithms 1is ouit=2 iwncrtant in
corputer oprozrarrinz, berause there' are everal
algerithms available fer a particuler n and w2
would like to know which is bpest.

An imrplementad methed in this ragzarcq raguirec varicrs
arounts cf storage anc time to parferr it. In this sectiorn,
the amount cf spaces reguired to stere M itarsg in =z
has beer determirea for each retnod. Tne werst

fficlerry ¢f 2 priority guouye seh=o2m2 s definad in terrs
the nurber c¢f inrter—zev corparisons and erch

insertion ant deletior process. Thls

fellowline wav:e
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Cenerally, e msthod which us2s a tinary tr=2 structure
take {loz N} tirme to ex2¢ute. Because, they eare usually
d as a recursive proceduras, ard tnsy cell itseslf
recursively ar st as many tires as the heiszht of a tree

which is equal to {los, Nj if a trze is balancac,

LEMMA: The h2izht of & complete binary tree with N ncdes

(W
th

agual to {loz Y},

PR00Y¥: A complete tirary tres of height h has at mest 2
exterecel nrodes. Therefor=2, the numher of interrel rnodes, =«
is bounded abova by n <= N-1 (sines the number of internal

rodes is a sum of the form 142+2+

N
D

omr

)

tric series with <urm éh- 1 ). The tetal naumtrer  of
rodes, N, is bhoundsc try §h<= M =" <1, Frop this
h+1
W{=log N <(=10g(2 =1) <h +1
2 2
thus,

h = 'Llogzﬂj .

Sirce, each executicn of a recursive prosedure reguires 2

£ix nurber cof inter-%ey comperisors(C), ani exnhanges!(¥),

the efficiency of ar algorithr would be eguel t¢ C
tires inter-key corparisons and T!log N} tires inter-xey
2

orxchanges ¥z the worst case,
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A. EEAP

DEFINITION: A heep 1is 2 Dbinary tree witk seome stecial
propertiess. A tree is & heap if and cnly if it saticfies tha

followine cornditions.

1) 211 internal nodas(with one vpessidle =xcepticer) have
desree 2, and at level da-1 (where “d° is the
the tree) the leaves are all to
intarnal nedes. The right mest internal
have dezree 1 (with no rizht son).
pricrity at any rnede
priority at earh 1 ns (if it has any

son) [12].

ITMPLIMPNTAT™ION: Jegps ave noet difficult te irplerernt, A data
struactur= array is us=2d to irplament the h2ays. If & is an
array, ard n is the size of the arrey then the loceticns of
A are nurbered fror 1 to n. Thals murberinz gperatior
auvtematically ty the computer when the array is reo
integer value “1” is used as an indexr to refsr t2
lccation of the array. (where 1

These 1locations ! : arrzy car Ye renressntsd as 2

nede in the dinary tres. Tris rumderings is dcne frer 128t to

right and level by level (degirnnirne with the root}, and

ustrated irp figure

il Al
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If the array A is used tc implesrert the heap, the sercrd :

) ' i

corditior in the definition of the heap can he forralizeld as ;

i fcllews 3 f
A[1] >= a[21+1] for {1 <=1 <= j/2)

where j is the purder cf items in the heap. %

Tizure 3(a) 1illustrates the direry tres regresertatior ~f ;

the heap with 12 items in it. (%) 1llustrates the array é
representatior of the seme heap. g
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INSPRTION: Let’s suppes=2 an array A is already craatad erd
irdex i is set to 1 to indicate the ~urrent last positiorn of
the hean. To insert the new item, first nut it irtn currert
last position in the array and rall SIFTUP teo satisfy heep
vprorerty. The alzorithr for the siftuv ovrocess is giver

b2low. Figure 4 illustrates the insertion nrccess.

PROCEDTRE SIFTUP(1)
/*¥ Adjust the Dbinary trez with the lasi positien 17 to
satisfy the neap property ¥/
IF 1 (=1 THEN exit
FLSE
I7 A[1] 1s zreater thanp its father TIEN
REGIN
excharge A[i] and its father.
siftup(father’s position of i)

ENT

TND SIFTUP.
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DFLETION: The highest oriority item 1is alweys at the

root.Save it in another place and put the last item in tne

first position. Decrease the number of iters in the heav by

1, and call procedure siftdown to satisfy the heap rrorverty.

The algorithr for siftdown 1is =ziven below. Fizure 5
illustrates the deletior process.
PROCEDURF SIFTDCWN(i,k)
/* Adjust the binary tree with root i1 ard the last pesitica ;
k to satisfy the heap property. The left and rizht subtrees '
of root “1°,i.e., witk rcots 2i and 2i+1 already satisfy the
heap property. */
IF 1 i1s a leaf neode TWEN exit
ELSE
Find larzest son of “i°
IF the largest son is greater thar A[i] ToEy
PECIN
exchange the largest son and A[il
siftdown(largest sor”s oocitior,k)
TND
PND SIFTDO%N,




A heap preperty is usuallv us22 12 h=apsert ealgcriticm

T
WAIk RCATIY o Lt
i

m

which serts one segu=snce of lenzth n. A heapsort 2lzaarithr N

kst

is slightly different from a aeap algorithm wnirk ic us=4 to
- implemernt a priority queuves in this research. Let A& Dbhe ar
array initially containirg keys ®9, ¥o, ¥3 ,....0pin

locations A1), af2],.....A[n]l. Ar 2lzorithm keansert whish

L T

1s given ©below takss the array & as ar input and seorts its

[T

keys irto rordecreasirs crder, ETeapsort alegorithr takes H
O0(nlos n) steps to0 sert all seguancas cof langth r (1], F

Wt ob

PROCIDURE EFAPSCRT

W&Ll'&l,'mmﬁa.ﬁl‘»m e AT

i
1]}

/¥ This 1s th2 complet= heanscrt algerd which taves an
array cf elemerts A[i], 1 (=1 <=1 as ar irput ar¢ arranzes

the elerments of A sorted into rondecr2asing order.=/

o I g S o ol I s

SEGIN
buildheap;
FO®? i=n STI? -1 UNTIL 2 Z0 .
irtercharge 8[1] arce A[i]
siftdown(1,i-1)
IND HEAPSCRT.

PROCEDURE BUILDIFAP
/¥ This procedure takxes an array cf olawents Af11, 1 7= 1 <=
r azd gives all of A the heap property. ¥/
oT i=in/2! ST¥D -1 UNTIL 1 TC
siftdown{i,r)

IND 3UILDEE:
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INSFRTICN WCRST
with N-1 in it wh
propertiy. the insertior process the worst rnase occu
the priority of the rew iter is bisger than the priority
the roct. r f kXay exchanges ard the key rcemparis

required t0 finl the rrovner vosition for the nevwly ircerted

R R R N U

item would he ecual to the heisht of the tree. Teczuse, at

(NN

each level there would be cne ¥ey corvariscn eni core
excharses between childrep arnd 1its fathrer, ke

jrer would coeme t9o rest in

i oS S M 111 SR

tree would dhe =2gual to
corparisors and oxcharnzes ar

ard areccs4dur siftud

recursively at most ’Llng2 1) times.

Al B e ol

ENALVSIS: If the n

-

to 4= {10,—;:2 Nj after tae dele
rurder of kov cerperisons which w
siftdovwr, will be ecual tn 22, This is
iter at the hottomrost level ha

has to be sifted dowr to satisfy

fter delerion. At eack mun ¢f the preced

ould be two key corparisonrs;

comes teo rast ir a
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this case procedure siftdown calls itself rescursivly at mest

e

1 tires.

The rumber c¢f key excharges would he escual fe 3+1°
because the item at the root could be exchanzed with  Ddigger
child of it along any dowrnward patar at mest 4 timag hefers
comine to rest, ana one exchanrsge has been done hetween thre

firss and last iters before *he siftdown precess.

T AR AT K T T OO AR P

STORACE REQUIRTMENT F¥CR A EHEAP

} heap uses an array te held :

Ry

a priority of an iter. & pctential drawbaci of neavns 1¢ thet
they require 2 sufficiently 1lareze ©bleck of ccatigucus
storage to he allocated in advence; beceuse the size of ns
aueue at any ziven time is not kncwn and an arrey as bhiz as
the raxirur size of the oueue has to be &llccated. At ary
egiver tire, 1if tnere are N items in the quewe, recuired

total stnraze would be ecual 1o N units for vriceri

<t
R
Hh
[y
1)
).—‘
(=9
w

ana N*I units space for the izformation where, I i< the size

of inforration at each node.
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B. ¥~ARY TREF

i

M

DEFINITION: A k—-ary trees are & gezeralizaticn cf biznary

<

trees, A k-ary tree is a finite set of =2lements calisd

g

£+]

3

i

3

rodes, which is empty or else satisfies the followine: el

3

i) There is a distincuished nod= callsd th2 reoct, and . 3

: %

ii) tne remairirg rodes are diviced into « aisjoint _ E

H X

subsets, each of which is a k-ary tree [1Z2]. . &
The opriority at any node is greeter than or 2quel to tae ;
priority at eaca of its sons {if it aas any). P
; * bal ™ ‘.;
’ IMPLEMENTATICN: Implementation of the k—ery tr2ses 1s very ;
. i
similar to the implerentation of tne aneaps. Arn aerray 1s elso §
used to implement ncaes ir tae X—ery tree. IThe zurbterirng ¢f F

: nodes in the 4-ary tree is iilustrated in figure £.

EIN

Y af

I 4

€ kS

iz

Figure £ i §

& §

If A Is an c-rey &rd there are n iters ir it. 1location % i

), e i

pi 4t

- E ]

Aln+1] contailzs zerc as a terminal symbol to indicats tis 2 S|

! 3

.
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Successor position of the 1ast item in txre £~&ry tree. This

v
W

o

terminate symbol is used in deletion process,
Flgure 7(e&) 1llustrates the complate 4-cry tree with ig

ivers in it. 7(p) illustrates array represertation of tne

4-ary tree,

——
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Figure 7
Since tre number of noaes op gns successive lzvals ¢f a
complete k-ary tree tfollows a gecmetric progressior 1, «, A%
3

Sreeeey th2 relations stowr t2lcw can ba usa: TS cermzuts thz

parents, ard the childrer, with tne Proviso tnat, for & roue

0 exist, its node number must lie in tha rane2 1 t¢ N,

where N is the totgl cumoer of anodes ir tne tres=,
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1) parsnt(n) = (n + k -2) 2iv k
2) ith child of{zn) = &(r -1} + 1 + 1
PEOOQTF:
for 2—-ary trese:
i) parest(n)=(n + 2 -2) div 2 = n div 2
11) left child of(n)= 2{n-1) + 1 + 1 = 21
1i1) rizht child of(n)=2(n-1) + 2 + 1 =21 + 1
The relation (ii) can be provad by indaction or &}
For n=1, clearly the left caild is at 2 uzless 2 > uw ir
which case 1 has no left child.
Now assume that for all §, 1 <= j < r, left chila{j; is
at 2J.
Then, the two nodes immediately pracsaing laft child of (zn)
in the representation are the rizgnt cnild of (n-1), aré tne

left child of (n=1). The left caild ¢f n caa be o

b‘
ct
[¢i)
' e
53
th
=]
(%5
=

adding 2 to the left child ot (n-1) 3
2(n=1) + 2 = 2n -2 + 2 = 2n
unlass 2n > N in wrich case r has no 12ft child.
Relation (iii) is an immediats comns2quesrncz ¢of {ii} arid
the numbering of nodes on the samz level from 1l=ft to right.

Relation (i) follows frem {(ii) ana (1ii}. Izis

s tres

[N

because of a characteristic of the “iiv’ operetioc orn

integers. l.e., parect(2n)=2rn 4aiv 2-r and (2n+i1) &iv 2=x

-9
whera cperation n div ¥ can bz 1sfin=d as

-~ Pl . f Y.
g flaocr of rn/v,

denoted (a/£], stanas for tae greaisst intsger l2ss tnan oo
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For k-ary tree:
i) parent{n)=(n+k-2) v k

ii) first caild of (n)=k(n-1) + 1 + 1l=k(n-1) + 2

T R e S B T AN TR AT

1i1) 1“th exild of (n)=k(p=-1) =1 +1 (for 1 <=1 <(=Yu; S
The relation (ii) can b2 proved by inductioa on =z, by %
following the same method as abovs.
For n=1, clearly ths left caild is at 2 (x{i-1)+2=2)
urless 2 > N in waich case 1 nas no left child. :
3 Now assume that for all i, i <= §j < n, ta2 tirst caild of
7, (J) is at k(j-1)+2.
: Then, the % uncdes immediately sreczdirg taz first cxild of 3
(r) in tne represeantatior are the ¥“th chilc of {r-1}, k2 ;
i (x=-1)th child of (n-1)y.ee.yth2 s2cond child of {z-1}, a&xd f
%: the first chila of (r-1). Tne first cnilae of (o} can He
%l obteined by adding k to the first child of {n-1i) 3
k((e-1)-1) + 2 + k = kl{{n-1)=-1+1) =2 =4{c-1} + C .
2 unless k{n-1) + 2 > i in whkich cész n zas a0 first chili,
?% The relation (iii) is en imneciate corsequence of [ii)
:% and th2 numbering o¢f rodes or tre same lsvel {rex 131 tc : :
,% right. Relatior (i) follows from (ii; ara ({iii}. (Tanis is % é
5% true because of a characteristic ¢f the “aiv’ operaticn on % x
é integers). 5 %
% . I.e., parent(x{n-1)+i+1) = {k{n-1)+1+1+k) div % S
‘z = (gkn+i-1) div k 1e=i<=k

s for the first cnild (i=!) --> kn div ¥ = r
= .

=

for the ¥'th childa (i=x) --> Y¥n+k-1 div & = r
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INSERTION: Let’s assume tae array A is alreciy created and i
is set to 1 to indicate current last positicn in the array.
In order to insert the new itzm, first put it in toe currant
last nosition of the array, and terminats symbel zarc in its
successor position, arnd call procedure SIFTUZ to siftup ize
newly insert=2d component A{a) 1iatc 1its. propar pcsiticr.

Fizure 3 illustrates inssrtion process intc fizure 7.

PROCETURE SIFTUP(1)

/% start with itam A(1), fird its fatasr &and corpare

m

If it is necessary, =xchance taem to satisfy x-ary
property. Process will e stopad whar it is reached
to the rcot. %=/
IF 1 <=1 T9EN exit
ELSE
father(i) = (1 + k - 2) div k
IF priority(fatner(i)) < priority(i) THEN
EEGIN
exchanze tae fataer(i) and A(i)

siftup(father(i)) -

iy

Sbet ahe g !
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TELETION: 3Sincs ¢t

[
(1]

higrh=2st priority is &t t22 rooct, rsmcv

(3]
()]

(1))

S

RAPRAIGI BTN
bt iibda ﬁ" oyl

it ard put the last item ir the root position. Nove tze

v

terminat2 symbel zerc to predscasscer of it, endi dsc

'!

zase to

[

. rumber of {items in the g-ery tree by i, arca ther call
procedure SIFTLOWN to satisfy thz k-ary propsrty. Tigurz 8
illustrates the deleticn precess frem figure 7.
: PROCEDURE SIFTDOWN(m,z) :
3 /¥ sta~t with root r, aca last item z. %/ .
k IFf mis a leaf rode TSEIN exit
3 ELSE :
i £find the larzast son of m :
i
%3 IF pricrity{largest sca) > pricrity{m) THEN
it 3T51Y
i
il sxchange tazm -
%L siftaown(the larses: soz positior of m,z) :
B FNI
o END SIFTDOWN .
: ;
-Z; ;
g = - 1
s i
= 3
g;_' F
B
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After siftup.
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coerplete w-gry tres with N nelss is
PFPOCF: Sirce, the rurber of necdes on tae sucrsscive levels

of a complete k-ary tree fcllows @ gecnmetric prearsssiens i,

\r2 ‘3 Irh h s £ A . 3 An—— .
c, ¥, Kk L the total nurder cf rodes, Y, ir =2 povrlete
r is bounded by,

L
<=4 <=yt

1=0

o

-1 L | T -1 z
—————— 4 1 <-_- M <= ——— e o e = - -_-_-=> ———————— <—_ !\‘ <= —————— -—
2 2 2 ?

o

from this,
! Pty
leg (==—===) <= lcg M <= lcg, (——————) A
k 2 k z .
los (kh+1‘ - 10,2 4= loz. M <= los (z =1) = log,?
“k / Ek‘ - St k - - ~k*

for the loft hend sids of equation

(e
1
=
(o]
m

/N\

)
A\
ot
o
m

~
=

+
[y
~
I
-t
o]
m
aY)
/N
It
(W]
[}
"'
~

thus surrirz up n-1X Losz.

For the risnt hara side of eguation

(n+1) = toz,2 > 1oz (kP1) - legi2 >= logyy

Wiy senit L

+1
sirce h+1 D lo.s:k(kh -1Y, also fe~ z >= 2 loakg /=1,

Sc, h+1-1> h*l—logk?

thus sumnire up “ + 1D legky.

714

Since 1-1 < loz ¥ < n+l clearly = ilo3dl.
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{-aARY TIRFE TINSTRTICN WOPST CAST ANALYSIS: This aralysis is

(V)

very similar tc tha insertiorn werst cas2 anelysis e¢f the

aeat. The only difference 1is the d4epth of tae tree which

T By TR

wculd be acual to d= Llozkﬂ{ whare ¥ is tha degrea o¢f the
tree a1 N 1s the nurber of 1iters in the tree after

insertion., Pases of lcegaritims can b2 nhangad to hes2

n
oy
'
T R TR

usinz forrulas

T L

leog N
log N = ——
logk2

2
1]
fory
1]
(% ]
Q
'3
o1}
[
N
Q
-
[Y
<t
(4 3
3
fu
(=]
(D
n
[¢9

+
[ry
2]
ol
2]
=S
o1}

3

uy

1]
W
(o]
'H

iy
1]
<

n
~—~
o]}
wn
[oY
x
¢
(4 2
0

((kx-1)+1)d=¥*3 becaus2, %=1 compariscns ar2 mad= bstyesr X
sons in corder to find the digzer son and one corperisor is
made betweern the bigeer snn and its father: a tctel of Xk
corrarisons are done at each run 02 the trocedure siftacwr
and this prce=durs call its21lf r=cursivly st mest ¢ timss,

Se, deletior take 0(loz N) tire.

STCRAGE IEFQUIREVENT TOR A Y-ARY TRIZ: This method elsc uses

an array to nold 2 overiority of ar iters é&ni stora=se

AR SR T O Y L LT NPT

requirerent weould %e the serm2 as irp & hear. T.e.. ™ units

.

for N nodes, and N*I urirte fer inforratior,
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C. SINGLE LINKED-LISY

INITICN: A sirgle 1lirxed 1list is a firite seguernce of
noies such th&ét =ach kas a pointer fi=l4 coatains 3 nwecintar

to the next rodef12].

4 vointer to ihe 1list, i.e., to the first ncde, is

called FRCNT, ara a poirter to the lest rode, is called
320K, Tae priorities are arranged in decreasing crder frox

FRONT to EACK.
IMPLEMENTATION: Faca ncde in 3

]

]

]
where the lipk field contairns the poirter to the rext =noae,
anrd info fi=11 contains tzz priority of ths item, Initizlly,
the empty lirked 1list contairs only tne empty pointers FRONT
and 2BACYX. Figure 19 illustrates the singlzs linkecd list with

4 jtems ir it.
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INSERTION: In orier t¢ aid & new node X 10 vag singly linxed f
list, straigat insertion maticd 1is wssz. Thae straisat :
inssrtion involves two besic operasicas: )

1} scapning ér crdered ligked list, stertirg et TRCOHT,

to find the larges: rricrity less than & »prioricy

of nsw it=2m, ard

ii) irsertizg & rew item iz2to a stscifisd part of the

criered linked 1list. :
£s a result of insertican, the nighnest itsrm will %e 1linz=d o ;
the FRCYT. Tigure 11 illustrates the irsertior operatio:s. -

PROCETURE INSERT(X)

Wb

crogte a rew npode arc $z2itializs

IF priorits(FRONT) < priopity{X} TIEl

S

I

fird the rode with tae larzest priority less

thax

the priority(i).

I¥ it is reaci=d tc the TACT TEEN

1inp(Ba07)=%
BACE=X

ELSE

- - e

ling(X)=1ink(¥)
, link(w)=X

END INSERT.
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i Figure 11. After insertion of 4 into fig.l10.

E FRONT BACK

6 -—?}5 -—->f4 —~—9{2 NIL

Figure 12. After deletion from fig.1l.
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LINYED LIST INSERTION WORST CAST ANALYTSIS: The werst case
occurs if the new item is srallier than the srallest key in
the queue. Ir this case, N-1 comparisons c¢f keys ere needed

in order to 2dd the rew iter to single lirked list, if there 2

are N 1items after insertion. There woulil rot oe

exchanges of xeys. S0, inserticn takzs O(N) time

LINXED LIST LELETICn WCPST CASF ANALYSIS: Leletion fror :

sinsle 1lirkea 1ist takes constant tire; sirce & reinter 1

F7ONT voirts to the hizhest %oy in the gqueune, FRANT will

linked tco the sucresser of the hicghest item after deleticn.

There would not b2 any comparisons and exchare2s of %e2ys.

STORACE RFATIREMFNT FOP & SINGLE LINKFD-LIST: Fach nodse

this nrethoa contains ore pointer field end ore priority

field. In aidition to tne nodes in tne cueue, thers are

pointers which point the front and the thart cf

lir¥ed-1ist. If there are 8 items ir the ogqueuve, recui

storage would be N priority fields, N+2 pointer fielas,
N*I units space for the inferration vwhere, I is the size

informatior at =ach rcde.
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ir 1971 by Clark A.Cranef2). A

fcllowing adventages cver a heep.

e

insertion obey a stack disciplirne.

Z)It is mwessible o mer

n
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3
(1)
£
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...h
r3
(D
[N
-
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implemrent nedes in the leftist tres

11ir)k irnfe rlin%
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i I I |
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satisfy the follewing propertiess

1) ¥XTY(P) D= F¥FY(left(P))

Hal
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¥EY(right(P))
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(P) = 1+MIN(PIST(12fT(P)), PIST/right(®))
(

(@]
N’
Liw
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left(

'

Y} D= TIST(rignt(®)}

Relatien 1 is analogevs to th2 hean cornditicr

definitior ¢f heap. Eelatior € implies that 2 shertest reth
h

to @ leaf may always be obtaired
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INSTRTION: Search for the new node, starts at roat 2, I8 the

Y2Y(P) is greater , travel jc¢ mada

thru subtree whose height 1is

sraller than the other,
otherwise XEY exrhanges are made and then travel is mede in

the sape fashicrn, The algorithr for insertion is

I B AT

below, Tigvre 14 illustrates the inserticen

P T e farr T2 T or st T Eid b
J Amwwmumram\:smwdm‘.’n‘nm!axm.w&nwmmum&« xS rEr o

s SR

pPPACcTDIRT TNSFRT(PRTY,P,T)
/% Ingart the noy jtem with nriority PRTY dintc leftict tre2
with root F. F is a hoolean varsiakhle and is set TOTT {£ D fc

I? P is a leaf node TZUN

Ny -
cr2ate & rew ncde and szt DIST £i214 eguel te I

=
[
=
E=
B

E: TISY
1 , TP priority(P) >= PRTY  TEIN

IF PIST(right) >= DIST(left) TITN

INSERT(PRTY,left son of P,E)
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DFELZTION: Sirce tao2 highest pricrity item is elways &t <he
root, it is only necessary'to remove the roct and merss its
two subtrees, Tirst the bigser scn of the roet is ~a2ie rcot,
and then procedura MERCE 1is called. Ia mergine process
travel is alwayse wade thru tae Jeft brarnch., 12 it is

necassary, tne priority exchangss are made during trevsl.

Fizure 12 illustrates tha delstion process.

PROCEDURE DFLETE(P)

/* Rerove the root P ara call procedura MTRIZ to merge twe :

: subtraes, pointei tc rzspectively by 2 ani §. ¥/ .

; IF key(R) > xey{Q) TZIn ¢
: maks R root .
MERGE(G, left sor of R) ; :
" H
ELSE £
make 3 recot 3%
1
3 R4
MEEGE(R, left son of Q) : :
:
INT TILETE. i
PRCCEDURE MIR3I(P1, PZ) i
4
/*Merge twe disjeint tr2es, pcintzd teo by P1 and 22 =/ I
; i
IF P2 shows leaf node TEEIN p2=p1 % %
R
ELSF :
IF key(P1) > key(P2) TETM ER
exchange P1 and P2 |
-
VMIRCI(Fi,left son cf P2) R
ELSE 5
E I
MERGE(P1,12ft sca cf P2) g 4
ENC MERCGE. % 3
= 7
= -2k
S
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Figure 14. Insertion

process of 10 into figure 13.
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TRETT  INSTFRPTION YORST CAS™ ANATISIS: Tnearticon g
the DIST field which shows th2 shortest peth frem
that node to 2 leaf. The search vnath is always cheesen thru

. the smaller DIST field, it rmearns thru the shert

{
V)]
Pan 3
ey
o]
-
123
g
(o]
1]

leaf,

A worst case occurs 1f the poriority of the new item is
bigzer than the priority of the root andi the shortest pst
is =2¢ual to the lorgest path, in whirh case a 12ftist tree
would b2 corpletely balanced and tae neizht of @ tree wonld
be {log,N] if there are N items in it aftsr iaserticn

There would bYe one key corvarisen at each leyel
includirg lov=1 2 &ana cn= TIST fislé ccemparisons o0f 1=2ft ard
right sonsi total {leg N} + |

of X2y exchang2s weculd be as many a&as the

2 urher of Loy
comparisors which is ecgual to iloa2nj.
LIFTIST TFFEI TDTELTIINN VOR3ST CAST ANALYSIS: Let’s call the

left sor ard right son of root L end R The worst rase
occurs if thz rigat subtr2e has c¢nly cme <«lamsst
is the smallest in the tr2e and the rizht pointer c¢f the

nodes in the 1l2ft suttree, zcints tc the =mpty neds. This

Ml 2 e s 0

case illustrat=d in figure 1€. After the deletion ¢f the é

nighest xey at the rcot, E wouvld be th2 row rcct ard ths ksy é k¢
of R has to ve compsre with all Zeys ¢f tha laft subtree ¢f g éf
L. The rurtar of ccmrariscons would he =2gqual ¢ V-1 i¢& there é ?
are N iters in the tree after deletiorn, & %
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STORAGE ATTUIPEMFNT FOR A IFFTIST PR
implementation all inforraticn adbont the fters 1is held b
the 1int2rral nedzs and th= 2xtarnéil
irforrmatiorn. If there are 4 items in tre gusaue

Y2 N+1 emdpty =2xternal acd=2s; tctel 2N+1 rod=s. Fack rcd2

1

contains two pointer fields &nd two izteser fieslds. The
storage reouirerent for thalis mwetred wouild he 4&N=2 irtegsr
£ielas, 4N+2 poirnter fielas, =2rd N¥¥I wurits svace for
irformation where, I 1is 1the size of inforratins= at =acn

rode,
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3. LINKEL TREE &
Another implerentation of a priority gqueuss can bde doz2 §
2
by usinz linged binary trees. TFigure 1£ illiustretes ise 3
. . W o as I
lirked birary tree representetior of tn2 dipary tres shov: 3
in figure 17. &
<
DEFINITION: A lirkea tree is a binary tre2 with sore special B
k41
properties. 2
4
i) The xey at each node is gr=ater than or =guel tc ! é
"
the key at each of its soe ( if it nas ary ;. S
3
2) Fach rod= contains th2 nurber of dsscanéants of i
g
itself. This value is set to zerc if tne roeae B

does not have any descendants.
3) Ins=2rtion of th=2 new itam into trs= witacut any 3
deletion provides completely bvalenced osinery tres.

1

The delaticr of two cr more ita2ms might d=strey
balance ©f ths tres, out sudssguent inssrtiors

will forca2 the tree to pe balancad.
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IVPLEMTUATATICNG The date structurs JRICCRAZI 1is us=d e

implement rodas. Té&ch red2 is er the torm:

llirk irfo rlink

TR pedynd o puiy=- - PP B~y LYtk

1 ]

i DESC i . |
left='-°--°-rr1ght '
t KEY 1 !

NSO SRRy I

R N A TR T S TR T

- 00 B8 E- o o -

where the 1link end rlinz fields contsir peointers 181 &-d

LY MR L

»ight to the rcdes correspending te tase 1=2ft and izt
descendarts c¢f ncde. Tae pointer fielas are sst te znil i?f
th2 corraszonding d=scendarts ars &rdts. Th2 7Y rizld
contairs oriority of the item, and the IEST fi~li ccznteirs
the numbar ¢f dascepdants iz ths tr2z, Sizcs th= 1l=zf nedss
coz’t nave any cescendants, °LISC fi2ld ¢f ths lzeves ars

alWays s=2t 2¢ual tc z=aro.

(1)
w

INSERTIQH: 3efore celline preecelure inserst, & nsw  ngds

[
wv

created ard iritialized in th2 meir program. Inserticn

[

B~

1ly based ¢n the DESC fields of the nodies. Sgercni-z

starta¢ from th2 recet and trav=l=ad thru tne smallsr IT3L

[11]
[
M

field. I# tae LDESC fi=lds ers egual of h

LY

sons, travel 1is mad= thru 1left branca. Tals rwetned wiil

1D

2t sors fror l=7t t¢ riemav

first fi1l1 1lef: sons anrd then ri

Y

atr vparticular 1level. If tas z2y cf th2 na2w item is grsatser

than any key of tae ncde on ths trevsl patz, <oaly tne sy

R A R PP L S I TR )

[
pot
bae
!
]
4]
wn

sxchanrges are maz2, a&na travel contiruss  unti

[{§]

reachec the leaf nodes. Tigure 1 is tne illustreticn f

insa2rtion ®orocsss.
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PACCEIITIT INSERT(Y,FRTY)

/¥ inssrt the rew kay PRTY, intc liaked tresz with root ¥ %/ .

IF key(W) >= PRTY 3%

75 SN MUY () SREAI Pd § DY BN YT AT BT et

BEGIN

I¥ left(¥) = ril <IEN
link rew itenm to it
ELSE IF rizat(W) = nil To=EN

ling new itep te it

TLSE IF T3SC(left(%}) > TESC{rigcht(u}) TPEN ;
SECIN PR

Ye=rizht(¥) I

5 é "é
1) DE3C(w):=DESC(%) + 1 :
INSZRT(%,PRTY) ;
3
IND :

IND

ND INSERT.
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TFLETION: Since the highest <=y at the reot, only remeves xey
field of the the root ana move the bigser son’s xey to the
root, and travel thru the roved son. Tanls process continues
until it hes reached the 1leaf rodes. There is not ary
rebalancing precess. The delation precess is illustratsd in

2igure 2¢.

PROCEDURE TFLETE(X)
/¥ aelete the key{root), without deletinz root, anéd siftup
the bigger son’s ka2y and travel taru th2 movad scn. */

IT key(left(X)) > key(rignt(X) TEEN

REGIN

move key{left(X)) te key(X)

decreass the DESC field of left(X) by 1

IF it has r»ecached th2 lzaf rode T3FN exit

ELST delete(left (X))

move key(rizht(X)) to key(X)

decresasa the DESC field of right(XY) d»yr 1

IF it has reached th2 le=af nods 7TV

"y

N o=xivt

ETLSE delete(right(X))
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Figure 19. After insertion of 9 into fig.18.
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LINYED M™RTE INSTRTION WORST CASY ANALYSIS: In this rethod, é
irsertion based on the DFSC £i21d of tha nndss and travel is %
always mads thru tne sraller DFSC f£i=14, it reans alweys the E
shortast nath (from rect to the 128f) is traversed during an E
insertion process. Tne worst case occurs if the pricrity cof §
the new {tem is higger than the pricrity of th2 recot ara the %
shortest path is ecual to the longest path, ir whirh rase 2 é
lirked tree would be comvlevely balanced, and the neigsht cf 2
a3 tree would be (log N} if there are N items ir it after B
insertion. ;
There would be cne key comparisoens &t e=ach  lsvel, . §
ircluding 1level @ ard one DV¥SC’s field certarisors of left %
arnd right scns? tetal {_10;32 Nj o+ Llcg2 N} -1 o= 2L10_?2 NP -1, A
: The number of key exchanzes would be as many as the rurbhar §
4 of a2y corparisons whickh is 2qual te Llopéwj. é
)
. LINVFD TRPVT TFLI¥TION WNRST CAST ANALYSIS: Sirce there is rot %
; ary rebdalarcire process in tne lin¥xed tree, deletion fronr %
5 i
] the tree could unbalance it, ;
#1 . s
¢ The werst cas2 ccrurs 1f thars ar=a twe itars at ze-h g j
level in the tree (except level z2ro), and smell priority et : F%
2ach lsvel dces not have arny descandants. This worst rase . ,%

situation is illustreted in fizure 21 and tas dizger iter et b

; 23ch level has filled with cross sign., In the worst case the %
: neight of the tree weuld be /2 if there ar=s N iters in th= ; ?
i <
gueu2 bafere delation. Since thara 1s cone Z2y ceomparisen erd é K
3 3
ore xey excharge at 2ech level, tetal N/2 key coemperiscens 5% :
: IR
& 4
es ;§ F
1 _ o .-»~~f*:’-‘3§
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Tizure 212

rh rnede  certains

tf

CTIREMENT TOR # LINIFD TEED v

[¢ 4]

13y

STORAGT R

Y T T T e T TR Py SRR S Aot

two vointer fields ard two integer fields i-» this =
imple entation. If ther2 are N items in th2 cusue, racuired . g
; storage would be 2N pointer fields, 2N integer fields, arnd é .
N*I urits space for the information where I is the <eizs ¢? % :a

irformation at each roae.
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F. AVL TRE

a3

Adelson~Y2lskii and Landis in 162 introduvced a btinary

tree structure that is balanced with respesct to the 2ae2ights

o

0f subtrees|S]. Tae height 0f a tre= is d=2finecd to te its

maximum level, the length of the longest patn fror the roct

T TP Faa Ted 14 TR Th e A D AT ch ok ot HA 0 Dy P A

to an external node.

TEFINITICN: A Ddinary tree 1s ceilled talancsd if tha hLeieght

of the left subtree of every node rever differs by more ther

+1 or -1 from the height of 1its right subtre=[€]., As a

characteristic of AVL tree, the priority of the l1eft son is

DTS I A Gt Y TN, & i o T st O T el v

smaller and priority of the rigat sen 1is Dbiegrsr than 1its §

4
varent’s priority. Trees satisfyine above cdefirnitiorn are :
often called AVL-TEEES after their inventors. §

As a result of the bdalanced rature of this type of tresz,

PU—
s Pow s L5 T,

porCR e~y

isnaric retrievals can be perforre? in O(loz N) tire if the

tree has N rodes irn it. A rew

f O

TR TR g ey

rode with highest pricrity car be delzted fror such & tree

in  time C(lecg ¥). Th2 r2sulting trz=2 remains asifFnt

balerced, Figure 1 shows &r AVL-TPTZ ywigh N=7, aerd rcie P |
structure. f»
lsaance
& @ Lef right ‘
| KEY .

Figur=s 22
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IMPITMENTATICN: Facn ncde in tne trez cerntains a ¥IY fiel4 %

containinz the pricrity, 2 LEFT and TBIGHET vointers wairh %

-

ncint to the correspending 1l2ft arnd right d=scsndents of a §

node. The RATLANCY field which may heve either -1, 7, or +1 %

to indicate th2 4aifferesnces of the zeight orf thz left ard §

right subtrees. 1€ L and P 1indicate the 1left erd rizng g

subttrees cof the node P respectively, tasn tne PALANCE facter %

Y

at P hes the followirg meaning: 3
RALANCF(P) = -1 ¢ height(3) = neight(l) -1

BALANCE(P) = @ : heirht(R) = height(L) 3

:"?

TALANCF(P) = +#1 : height(R) = ha2isht{l) + 1 %

=

TNSTPTION: Ir order to irser: a rode with priority X intc ern :

AVL tree, the prepa2r plac2 has te b2 feund by mazing sezarch, %

5

Search starts <€rom root, P by corparinz ZIY(P) with X. I¢ §

£

to2 new item is less than the ¥X3Y/P), travel is¢ rede thru é

2

the left dreénch, otasrwise taru the rizad branch ur:il it is %

reachea teo the leaf node. An insertion of & new iter tc e:n %

AVL-TRTF, =2iver a root P with the left an? riznt sudirses L g

ard K, ceauses trze to heve different r~ases. If the rnew ncde g

is inserted in tne left suotree and ceéused its nelazky 1o ) §

increas2 by 1 ; g %

1)heieht(L} = height(R):L anc R hescme of urneguel 3 i

hejgzt, but ths telan~2 critzricr is net viclagzd, ; E

2)height(T) < height(®):Z and T obtair =2cuel keizght, é

S)n2ight (L) > heirFht{RY:iz2 Ptalanec» critzoicn ig E

violatea ara tree must be rebdalanced 81, 'é ié

Th2 retalancing is carried cuvt uvelngs escentially frur %é é

e

52 3
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1 L
£ i
1 differert 4irds of rotetion IL, RR, LR, anmc R3I. If
> % %
E - %
g rebalancing 1is necessary after tae irpssrticr, crly one of %
3 . ¥
:% thesae rotations will 5e sufficiant te rebalance tz2e tree, F
 ? :
§ - These rotations ere characterized by the rnearest ancester, 3
= 5
ni A, of the irserted node X, whose dalarce factor was alresdy é
. 7
£ ;
5 +1 or -1. The following characterizetion of rotetio~ tyres :
2 2
= is obtained. |
g LL: The new rode X is irserted irn the left sudtres of tke 3
§ left sudtree of A, where A is the n=arast ancestor of tas
13
) roae X, whose balance factor was already -1. *he alsorithr

and exarvole is shown relow.
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LA: X 1is irserted ir the ri=4t sudtr=e of the left subtr

D
1}]

R

o0f A, where A is tne nearest ancestor ¢f the ncde ¥, whes

1))

=
£
£
¥
1
¥
|

‘

b

Yalarce factor was already -1, The alacritzm and exarple is
shown below.

LR ROTATION 3

AL ‘iy‘uﬁ\"‘.,lﬂl,'n

/¥ balance(P) = -1 end bdalarce(left(P)) <> -1, where

is

‘o

h
p

(a4

t

pointer to A. */

P DN NP P R Y ST NP A P oWl 43S AR TR RS AP YO SRS YT DM Sty S ) PN T

Pl:=left(P)
P2:=right(P1)
right(Pl):=left(r2)
122t (P2):=F1
l=ft(P):=ricnt(P2)

right(P2):=P

M FIayruh 8. L NWPE T A s ol RN T S T Sl 4 I

readjust telanc2(P) and balarca2(P1)

'd
o

2

ENL LR ROTATION.
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PR: X is irserted ir the right sudbtree of the risht sudtree
of 4, wheare & is the nearest ancaster of the ncds X, wacse
balence factor was already +1. The alegorithm ard examrple is
shown below .
°R ROTATION
/¥ balarce(P) = +1 and balerce(rizwt(P)) = +1, where P
is the vnointer to & */

Pl:=right(P)

right(P):=12ct(P1)

left(P1):=P

balance(P):=2

Figure 25 PR2 Pataticn cn F.
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P R L SR R A B R R

o< n = e

ey T

RL: X 1is irsertec ir the left suvtree of the right subhrree

of A, where A is the nearest ancestor of the node X, whose g
f
halance factoer was already -1. The aelscritha for 2L roteticn E

and exerple is shown below.
RL ROTATICH 3

/¥ balarce(P) = +1 and balance(rizht{P)) <> +1, where P

is the nointer to £A. */
Pl:=rigsht(P) g
P2:=left(P1)
left(P1):=rizght (P2)
right(P2):=P1
right(P):=1att(P2)
left(P2):=P
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readjust balance(P) and balarca{P1) S
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PRQCEDURE INSYRT(Y,P,E)

R e T e S R T < R e D B e R N N A S *‘wm’@?&?‘?@%

a1

* o M.ﬂ&‘,".’

/¥ The npew item X is inseried into the AVL-T°FF witk recct P.

B is true iff the sudtree heizht 4“as irn~reaszd. ¥/

I¥ P is leaf rodes TIFN

create rew rode and iritialize.

set I true,
ELSE

I X < key(P) THEN

INSFRT(X,12ft scn of P,H)
I¥ E=true TIN
CAST balance(P) CF
¢:halance(P)=-1

1:halance(P)=2 and E=false

|
[SY
.0
-t
o
(=4
[47]
P
o]
]
(o]
1)
-~
[
(1}
"
Lad
—
o)
.~
-
]
|
[y
+3
]
oy
=]

20 LL rotation orn P

balancz(P)=¢

updete nalarnce(P) and 3&l

[t 4]

*LSE do rothine. /¥ E=false */

INSFRT{X,rient son of ?,7)

v

I

ray
]

1]
<t
-3
=
m
v 3
u
tef
=4

CAST balence(P) N

v

2:balance(P)=1

-l:helanca(2)=2 and 3

]
L]
[¢])
[
[V,
3]

ncaflest ()
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P - eam . .

> E R o . ~

1: IF bvalance(rigat(P)) = 1 m™ETH

a0 BR rotatiorn or P
balanc2{P)=¢

ELSE

PO S R 2 H T P AR N T v e R AT

do0 BRBL rctation orn P

3%
update balance(P) ard balance(risat(T)). §

balanc2{P)=2 and H"=fals=>
ELSE do rothires /% U=false */.

END INSERT.

EELE S AR T SRR T
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After irsertior tze priority ¢ irnte After redelen~ing 3
fleure 22 an? tefores reralarncirg i
rd ‘g :
3
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“"ELTTINN: 8 deleticn from an AVL-TRPF could unoalénce it.

The r2bdelerncire operatioh remeaing essentizlly tne cane

S
[y
Cs
iy
1]
w
)
‘e
-3
[y
Q
"
[N
s
w3
pebe
[¥,]
17
'—l
x5
[1%)
'-.;
wn
[47]
ot

€or ircertion. Since the

T EERETR S S A e PRI S s S S R T R A R R e e o A N b e A SR

i

the

rightmcst node pesitien, cnly LL and IR retaticns ere reeded

t¢ reoalarce the tree. A bdorlean varianle perereter
the meaning the heizht of the suhtree has heen recuced.

Rebalancing has %o be cersidered only 1f £ 1s true,

®ROCELURT LELETE(?,E)

]
g
[
N
H
ot
(V]
Q
e}
.‘“
($ ]
pobe
Pond

/% Start with roct P ard travel thru t2
rightmest node is found. Remove it apd rodalancs the traz
travelinz beck taru the recot. ¥/

find the rightmest necde and Aelet= it

travel bvack tnru the root , ard

call PATANCE(P,T) if necessary.
TNT DRIRTER.

PIOCEDURE PALANCEZ(F,E)
/% This routire is called if Z=true; the rizht Yrarch =ne&s
pecore less hiza. %/

C2ST dalanr=2(P) OF

1: balarce(P)=2

o
(1]

balance(P)==-1 FE=false
-1: I¥ baiance{l=2ft{®)) <= & TFIN

4¢ LI retatior

£8]
o 3
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AVL-TRER INSWRTION WORST CASE ANALYCSIS: In order to find the
raximur height of an AVL tree with N nodes, consider a fixed

nheight(h) ara tpy to construct the AVL tree with the rizurum

numbder cf nodes, The following analysis a&vrears in

reference [8].
Pirst of all, let’s take N nodes ara attempt to arrence
them to prcduce the AVLI tree cf areatest denth, The idea is,

systematically to favor tke right{left) sudhtree by usirs the

least rurber of nodes to crsete the left(rizht) subt

R}

'3

a2 cf

neight {(h-?) and the ieast possidble nrumher to proauce a

right(lefv) subtree of heizht (a-1)., As a rasult, if wes

irclude the root, the height of the tre2 woald »e h.

Since the talance property of an AVL tr=2c must holad for

-

all subtrees aof arn AVL trez, similar corditiors rust hold

*

recursively for the 1eft anrnd right subtr==ss. Tigur

W

2

«c

illustrates & sequence of such right-leanizg AVL t.ees cf

iz2pest extent fer N acdes.
Figure 29.
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The number of nodss in the 1aft an? right subtrees c¢f the
trees in fizure 29 are gziver ir tahls 1,
number of number of number of fibcrnaccei
rodes ir Rodes ir nodes irn RUroErs
heizht 1left sudbtree right sudiree whels treze

—— - S S @ S s s e 0t S . S e S o . e S s e

2 z ¢ 1- ¢

1 2 1 2 1

2 1 2 -3 1

3 2 4 7 Py

4 & 7 12 Z

5 7 12 20 5
Table 1

It 1is easy tec see that there is a recurrerce reletior thet

characterizes tne nurders in cach of tae <colurns of this

table, namely:

~

Th T 1o+ Sy q7 ha2 where, Go= 2 ard G1= 1,
This recurr=snce seems to be a clcs2 relative c¢f the

recurrence relatior for the Fibonacci sequernce (Tre

Fibona~ei numbers are a sequAnce of intsger 32fined by tre

recurrence relation F.= F.+_F. gor i > 1, witn bcundery
1 1-1" 1~
)

conditions F0= d and F1= 1

In fact, comparicg the Fibonacci sequarce
5,1,1,2,3,5,£,13,21......

to the numbders in th2 columns of Table 1 suggests that ”his

Just one less tnan sore correspeniirg Fibonacci nurper

G}thi% fer tals reason, the trees of Fig 2 are called
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Fibornacel trees, Since these Fiboracci trees havs the

ave

w'n

fewest
nodes arong all vossible AVL trees of aeight a, as irdiceted

pefore the number of rnodes in ary AVL tree of heigrt h obeys

the relaticn N >= Gy so,

N >=F - 1.
h+3

But the k“th Fibdomecci nurmbder %(is Younded beleow by & rewer

of the inverse of tne “golder ratic” @ = (14-J;3/2. It is

k-2
tnown that %<>= ¢ eand ror2 precisely %{) dc/Jj -1

GRPEX M

Hence, one can conclude

z +2 h+2

~>z-h/[5—2=u+2>e /{5

E from this,

= +2 +2

> Ceq (N+2 £ él /fg = log di = logygys = h + 2 - loggd

- 1 e¢( ) > 10rg( ) 1 g 1 :gr h 1 P

- | Logy (N +2) +log¢r5-. >n +2

e

2 so,  h < loz (M+z) + log (Z - 2.

v °

o now, usinz the fact thet @ = 1.618234 arl aprlyirs e

E logarithm base ccaversion

= log x = (leg X / log C) i

z g - 2

E ore gets, %

= logz(h+c) long: :

L h { ——=f—cceeeem b e e -7 :

b log21.€1?ﬁ34 10521.615234 . :

e h < 1.4a04l0g (K+2) - 0.328
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; The worst case coccurs if tne X3y of new iter is tiggsr % '

E thar tne biggest xey ir the AVL-tree, whica iz ithkils cess

k= .

o insarticn wenld te don2 tc th2 rightrnest ned2 end wenld :
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left-leerizs, the worst case osccurs if the srallast key is g
P
inserted) tc restere the lest balance propsrty exactly cns =
:}-Z
of the four rotaticns will be sufficient, As & surrary ieotel £
p3
4
1.%41032(N*2) times ¥ey corpariscns and corn2 reotaticn need to g
be done ir the worst case. 2
X
H
3 AVL-TRLE TZLTTION YORST CASZ ANALYSIS: Since th2 thigwkest g
| . *
item 1is at the rightrmost pecsitiorn, there woula not de any g
c )
; =
key corparisons in order to rind the highest %ey 1ia th= 2
AVL~tree,
3] Teletior of the highest item mey require & rctation et
evary node along the search pata. Coasider, feor 2xeémsls, the
left-leaning Fidonacsi tres (opposits of th=s Mz, 22), thue
2§
4212tion c¢cf tha rightmost nod2 weuld reguirs 2 retation at
every node alona the search peth, which would be dore &t %
£
=
Tost (log Mi tires, 5
2 ¥
3
H
§
E
:
STGRAGE RESUIREMEKT FCR A AVI-TRET: Fach node ~cntzins twe ;
pointer fields anéd two integar  fi=21ds  in this :
9
irplererntaticn, If there are ¥ iterms in the gueve, recnuired : ‘;
. 2
R
storaga would be ZN poirntsr £i214s, 2N intszgzr fizlde, ard . i
= =& .3
= . . : b
AN N¥I units svace for informatiorn where, I 1s th2 size of ;B
23 ; :;
- irformaticn at each rneds, : E
- P
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Arother 1implemerntatio: of a oriority ausucs
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by usinz & 2-3 tree’s property.

DPEFINITION: & two-three tree is a tre= in which 2ach vertax
which 1is ~not & leaf rolde, has two or taree scns, and every
vath from th2 root to & leaf is of the saﬁe l2ngth. The tr=e
consistinz of a sinzle vertex 1is alse a two-tharee tree.
Tizure 22 illustrates tweo different 2-2 trees strurture.

At each wvertex X which 1is not a 1e2af, there are two
additicenal piecas ¢f inforration, I arnd M. T is the larsect
plerent of the subtree whcse roet is the leftrost son of ¥
M 1s the larzest element of the suhtree whose roct ic the
second son of X. All inferration aoout the nrigrities are ag
th2 1=2af lev2l ard in increazsirz order freom left teo right.

Ths values of L ani

<

egttached toe =he verricges =2-29%1e cne 1o
start &t th2 reot énd search fecr an 212~2nt in & mannonr

analozous to dinary sa2arch [1].

2:5 3:6

):2 3:4 6:7 ):2 4:5
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IMPLTMTNTATINAN : Facn rode irn tae 2-3 tres

i in the fer—s
1 e o e v A A > 0 e A > - - o - o b
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S ' KEY | M|
Yrmmwmwedanacmmecabaccvecaaaed
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E lefta middle! parent} right |

where 1left, ridile, ard right are the teirtars to th

D

nedas ccerraspornd

ire to the laft, miidle, arai ripsht
descerdents of nede. The perent field is @ polrnter to the

father of that ncde. Since e

or 2 sons, left and rizht vointer fields of the

rcd=2s rcan net b2 emnty. For the redes wnich rav
~i341e pointer fields will oe n2il. Th

rcde, 2xc2nt & rect can net b2 n2il. Fecause caly a rect dess

eldis L ard ¥ ~portain tre

ricrity of ftem. The fieldc

¥ of th= leaf rodes are always st to zare gnd 1=2£t, ~iaddl

and right reinters ere always sot egual to nil, The ITY

£1214 cf the int=srral nodes(vertires) is always

zero, haceuse the yertices are not the iter, *ut anly the

rode to corstrunt the vath from th2 roct te

to fird the expected item.
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INSFRETION: In nrder te insert the n2y item irta 2-3
t¢ Y2 feourd Dby resns of furction

inction starts malings searek with tn= rect T,

-

SEAPCYT, This ¢

¢g then L(F)

®

ani the priority ot new item PPTY, If PRTY ic 1

if PRTY i¢ hetween

then travel is made twru the left »rarnch,

?), @ani the vertar ¥ hes 3 sors travel is raide

<
-~

1

3

L(R) e

12 middle dranch, otherwise thru tae riert hrench.

thru t

¢ search continues u»til it nes reached the l22f rodec,

-3
5
(%Y

he pointer F whick toints tc the fathar of these legf rncdes

+-3

o

is returned to the calli=nz precaiurs.

If thet veArter ¥ hzs alrsady twe sCns thsr max

-

a2 yelues of 1

va

raj
)
(3]

fter the azrreorists son of ard resdjus

énd M aleng the2 »nath frem F 1o the ract, I8 ¥ w3z alr=ady
three scors then rake the rew ite2r tha armpreznriets sar ~E T

ard call orececsdure 4IT30N te in-orderats T and ite ¢
irte 2-2 tree, After the incertion prenecss,
sriority will t2 alwavs at the rizht~cst wositicn cof
The algorithr €rr farction CTATCT ar
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FUNCTIQM SFARCE(PRTY,R)
/% Where P is the root, PPTY is the ey of new iter %/

I¥ any <on of % is a leaf THEN praturr R

13 IT PRTY <= L(R) TEEN search{PPTY,left(R))

)
1
tn

E

t

I® R hes two sons or PRTY <= M(p) mw

1ay

N
ssarch (PRTY,micdle(R))
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PLTTICON: This process is the reverse of

an slsrsrt is insarted,

iter ir the

Lst F

differert cases ir aeletion crocess.

CASE 1 I# ¥ is rcot then rarove T,

CAST 2 If ¥ Lhas three sors, remove item, now ¥ has tvo
scns. Adjust I and M values along the nath from
¥ to root.

If ¥ has two sons ,
Part (%) is harndlea Wy

£ ¥ ig rect, romovs

i=1=stiom. illustrezad
kas i3ke the left
the middls ser
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INSEFRTICN WCPST CASZ ANALYSIS: It is necessary to
aralyze a 2-3 tr2e in twc 4ifferent ways. In this matheqd

there would not be any Xey exckarness, bdat orly the update cof

3
E £~2 TOPE
%
e
£

L and M values., Twe different worst casee ar2 obtaired ag

gy

followinge:

= 1) The 2eepest 2-3 tree or N x=2vs will oz constriacted oy

i
"

Iy
0

L AN

tazire the mirumm nurher of zchildrern (twc

S

el

[

owed for ea~h

0
i

node. So, the height of 8 2-3 tree with N leaves is &t mest

A

O e

a=ilog2 Nj. The correnct dosition for the rewly irsertec item

Mk d ALY

is found by function STA2CT. In tails furciicn, tae key of
the rew iten 1is cormpared with the valuas 9f yertices. The

W“orst case occurs if the compariscrs are made wita botz L

are ™ at e2ech vertex along tae pata fror root to t!

the secornd Yigrest key in the 2-% tres, T2nc2 :1he furcticrn

STLBCH calls itself recursively 4 timss. 3¢, tz2 tctsl

rumber of kes corparisorns wculd b2 2!les V).

Sirc2 1n this analysis every vart=2xy nas tWe scns, tne nawly

irserted item would be the thira sor 0f the correct vertey

and we would not nreed nrocedure ADISON, 5
2) The werst case for the functicn STARCE which mentiorned %T
in case (1), would Ye also same fer tais case. The only %
’ differeace is the height of the <Ire2, sszmely the trtal :

2 sons, after tae inserticr crocess
to be srlit &s tae svli® ovrogresses uT  to

is acra bty oreredur2 ATISOM, Thars werld rnee
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the root. Ir either case 0(loes ¥) is the worst nase tire fer
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an ircertion,
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The worst rcase ococurs if each verteyx has Iwe Scrs

Bacause, aftoer the deletion ¢f th2 highest ke the

1igh rer, he father
of *he highest ¥wey would heve only cne son 1eft, In osrder 1o

tree, prrcediare STPSAN has to call itself 2 tires

would ret de azy key corparisons, evsohanzes, and updats of
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ir the queue, the neight of th2 tres would Yz equal to

-

k=!log, N}]. Since, the rumher of rodes or the succsssive

S 3 "d

lavels of a 2-% vree with 3 sons ¢f e2ach node follews a
2 3 k

2 2 2 the total of nodes

[ e e

geometric progression 1, 3,

in tne tree would %e equal to,

k K+l
i g -1

7z

- -
=0 < k
ams would be at level ¥, N is =gqual te 3 , The

M

since, all 1%

-

rumber cf internal rodes can »e calculated usirng adove

formulaj
k-1 k

0y

Se, the total of nodes in the tree with N o
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N -1 28 + N -1 2N - 1
N + = - e ————
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?
N*I units of storage vwhere, I is the size of inforretion ot
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¥. FIXED PRICRITY

This method of priority aqueue renresertetior wes

discovered by Tuther C.Ab21 [Ph.T.thesis vuniwvarsity of

Il1linois 1972].

: DEFINITION: Ir this method, 2ll the elements 0f a vricrity

quaue are known tc be conteired in somre fixed set

B T TN o A e et L I TS 3 22 DT N ST P S  T ARR L ey

{71, X2,....KN }, where X1 € X2 < X2 C(.uivenne @ XN,

The idea is to use the covrlete binary tree with N

i DAY TS X

axternal rcdes, which ar2 implicitly essccliated with the
¥eys in ircreasine order, from left to rightlg]. Tigure .
3Z(a) shows the empty pricrity gusve with the prierity rance

from 1 to 7, figure ZZ(d») shows with 4 items in it
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ATICN: In order t0 represen
A B
Lk guene it is nesded N external rodes, 53
e
rodes(as a characteristic c¢f a complate dirnary tree),total e
- 2N-1 nocdes, if priority range is from 1 to N. Interral nnd=s g
£
are implerented as a bdbit arrey ard have ar irnforratior bit %
efther 1 or d. These rcdes are used to find tae highest g
£
priority item in the gueus, during d2l=aticn operatior. &
i
Before calling the procedure INSTPT to put the rew iter %
into o»ricrity queus, the prover 2xter-al ncdz2 is ralculateld
ir the mair program, such that the »riority of the rew 1iter
will match with the assacieted kar ¢ the externsl »ode, The
heisht of the tree will be, h=£1092(2N—1)j if the rurm»er of
total nodes are 2N-1 tc¢ reprssant the 2rrty rrievity cueuse.
Now the proper irdex X of the exterral node for the new rnede
can be calculated as <€ollows 5 L2t I he the index c¢f the
5
3 rightrmest location on the second hottermast level, whirh
will be egual to I=(2%*xh)-1,
'
9 X =1 + prio of the new itenm
i3 IF £ % 28=-1 TEPN Z=({-(24-1))+{N-1)
‘.
“ . .
e TILSE X=X :
,§ K
. Irsertior of rriority Z, a~d deletion of hishest rriority is 1
b shown in fisure Z4 and fipure 25 ras-eativly 1
%
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/* ¥ {s the index ¢f the preper oxterral ncds ¢ ar array

O TPT TR

'ﬁ.l

£

ard the pricrity of the rew item is e¢cnal to the esso~iated

b

y ey of the external node */

create @ rew node y

P XTI

it

I¥ the extarnal nod2 X is empty TUYFN :

lirk v to X

set the nodes 1 along peth fro~ X to rocot.

fird the last iter belong to external node ¥, and

o Q

YRSty

linkt v to it.
™ND INSTERT.
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DELETICN: In order to fird the highest vricrity ir the tree,
the 1inforrmation 1 or 2 at the intarnal nodes are used.
Searchireg starts at the ront, 1if the rizght -~hild has
inforration 1, travel {is made thru ¢the right child,
otherwise thru the left child ntil it nas ~rearhed the
external nodes., This external nod2 will contain the hizhest
item in the queue., The algorithm for deletiorn has eiven

helow.

PROCETURE TELETE
/¥ TFinrd the highest opriority iter and rerove it from the
queue, If the remcved item is the cnly on= in its catagory,
set nodes (which do not have any relation with other vaths)
@ from the external nnde to the root */
BEGIN
J=1
WEILE j < N TO
BEGIN
=24
IF B[2j+1] = 1 TEEN j=}+1
IND

remove the first ite2r belong to the =xtarnal nonda

¢

set the rodes @ aloneg the path fror § to
the root i# necessary.
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PIXET PDICPITY INSIRTICN WORST CAST AMATYSIS: If tha :

oricriti=cs range frem 1 tc %, 12 oerasr te corstruet an errty é

gueue, 2%-1 nrodes are needed., Th2 descth of tae tree will be g

d=Llcg£2N-1}j. Tr this methoed there weuld nct k2 any oy %

cerrarisons, one or twe addition ~psratiens are nerecsary 19 %

#ird preper nesiticn for the new item. This precess is dcons %

eyary insertion, é

The werst cas2 coocurs 1€ th2 new itam ig tha ¥irst itzsnm %

ir its opriority. After tnes connecticn 0f thz new iter is é

done to thet extarnal ned2, it 1is gn=csssary te  traverse : %

alorns the path from that externgl zeode to the rocot in craer é

to set nnd=s 1, This would tav¥e d stezs tT¢ r2ecn ¢ ths é

reot. ;

TIZTD PPICEITY DELTTICY WCRST TAST &NALYSIS: The worst cess é

i cccurs 12 the hwighsst item in the gueve is thes cxnly crz2 in %
: its category arnd tipe patan from rcet tc that esxtsrngl nodes is

indspendsnt frem ths ctzer zaths in ths tra2e, Tc fira ths !

nignest gey in the queue takes d steps and after tne .

o

deletion, <travel Dack taryd ne Tro0l alss takes 4 Sti=:¢s; oL
totel 2a steps. y
STO2AGE RECUIREVENT Fr2 & FITWL PRICRITY: If opricritisg

ranse from 1 ton, n esterral nedes arna a-! internal ncess
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On a raadem seguernce cf irputs, mest cf these teckricues

; only rarely exaipit the worst casse behaevicr., The

The ru-nirz

time, 2specially irn the average case

‘e -

is #eaerelly prcere
difficult tc predict. Cne methed which canr zive rmore f{-cicht

is to determirz the exypect2d running tim=2 mathematicrally.

1 .mmr.w:w&mmwmmmmnu:mmm-mmmmm;ﬁmff’wmmmlam;

Fxpected rurntinz time depernds on a protadility Z2istributicn

02 th2 incerticr and d2l=2tion re2cu3sts.

rallea tne average analysis of ar alzerithar[?7]. Bat <tkis
k¥ind eof eéanalysis turns out to bh2 vyvary difficrlt fcr

complicated priority queu2 structures. Ar 2lternate rethed

te gair sem2 f£2eling ebcut th2 rurnine time of an aleeritim
is to execute tane proeram several times on " razdor’  inputs

and averazs the results.

T e TR AT 0 S T A P

This aelt=rrate rmethod was us=d iz tais r=

Tun orn  the

: PrP-11 Ynit Time Sharing Syster a2t ¥PS. In the orpirical :
% test, five differert secuerce c¢f rendor numtars whick ere %
: ’ :
é uniforrly distriduted  Ddetween 1 ard 1224 wers used., Tech : é
% method (for a specific rurder cf rodes) was run five timeg : é
. 3y usirz the sare sequenrce of randier numbers arnl the E

cbtalned results wa2rse aversiged.  tab

obtalned average running tires for cecn rethod i

The values in thess tatles ware usec te g2t th2 fFraphs

nave beer eiven ir fizures 2€, 27, and e,

The averagze purbter of inter~gey reirhancses 4
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ins=rticn vprocess of a ‘nead” havs b=en obtainad &nd given

in fi=ure 38. Note that tae numder of inter-key exchanges

'3

a » corstant value as tn2 numhar of ncdes in the nead
a

proac
proac

Ke)

iy

infinite value.

Pirally, arn average case tehaviocr and raguired ssaces cf
ar implerented algorithms have bser siver at tadle 5. The
potaticn ‘07 is called " big~oh” npetaticn and is uvsed in
table 5 to erpress the runrins times of the aleorithms. This
notaticen is 2 very convenient way for dealire with
approximations. Iin gerergl, the rotaeti
whenever f(n) is & functicn of & tesitive intaoger njy it
stards for & quartity which is rct explicitly Xnmowzn, excegt

that 1ts mragnitude isn

0(f(n)) mears precisely this: Tnere is a pesitive censtant M

such that t=2 function e{n) rapressnted by Off(n)) satisfies
the coraition &{z) <= ™if(r)i, for all =rd=ry for scre

constant no . -
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Pricrity ?
queue insertion delstion . space S
——————— - —— 5
heap o(1) 0{lece N) N(1+1} ; Eé
1w-ary tree 0(1) 0(ler N} N{I-1) o
lirked-list  O(N) 0(1) N(I+2)+2 o
laftict tr2e  O{lcg N) 0{1los N) N(I+EV+4 ; 3

lirked tree 0(loz N) C{1loe N) N(TI+4) : %

>
P
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[ ]
*.
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¥}

AVL tree 0(log N) 0(lce

LY

2-2 tree 0(lez N} C(loe ) N{I+14)-7 g

£ix2d priy 0{lecg n) 0{lceg r) an-1+N{1+1" -
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IV. CONCLUSIONS AND DPECOMMTNDATINNG

Wher the number of rodes in the priority gusue, N, is

T

small, it is best tc use one of th= straisktforwerd 1lirear

- v -

list rmethods to mairtair & priorit

*<

quauegy osut when N is

o
(41}

Tee such 3s more than a ssventy, a .los N reothed

e
th

obviously much faster. Therefors iar¢e priority cuenes

m
3
(11

o
'3
D

gensrally renresentec as =eaps or és metncds  whaick  regu
0(loz N) irsertior arc deletion tire.

Arong these algorithrs which kaye hean studied, AVI trea
structure turred out tco b2 tae hest ir terms of runnins tire

on  PTP~il1 Unix Tire Sharinz Syster. In this rmathad, t

are neither any inter-ksy excharses rop &ry orserations curh

the reouirea space is roushlry four tires ror2 thar heans ara
r-ary trees, and Frogsrarming is mors corplicated. Pears ard
Z=ary trees are e2asy tc impleront and ~ecnire rirurur  spare
érong these alsoriturs. 2-3 treas also 2ive 220¢ runnirgz

tim2 but reoquirad space for 2-2 trees arc rguFcnly  feoucstasrn

times ~ore tiaar heaps. Lirkec grec
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rerstraint, AVL tree structur= should b= uvs=2d., If thsre is

not any cTunnirz time econstrail
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algerithm, I=ftist tre
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structy
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0f rodas is 1l2ss than hundred, si
erough efficiert to use.

4s an ztension of tais
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gueues’ (4], P-treesf[al ard a
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In this sectior of the thesic, Paseral cedirge of tae

weap, X¥-ary tree, sirgly linked list, leftist tree, linked

tree, AVL-trees, 2-2 tree ard fix2d prierisy have k2er given
respectively. There &re rot ary extra things te do ir order =
to run these pregrams ¢n the ALTOS system &t NPS. In  the :
PDP-11 Urix Time Sharirg System there is Hduilt in funectioern E *
PANTOM to ponerate tne rardor nurbers, that is why furction %
RANDC™ ir these coairg is rot needed or the PLT-11 syster, ?
I» ordar tc run thes2 nregrams on  the PDP-11 system one %
reeds to s=t up the furctior RAVDOM ir tne msin rroerer. %
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A. HEAP

(* THIS IS THE IMPLFMENTATINN AT & PRINRITY QUETP 2y )
(* TSING A TBFAP DPRIOPERTY, TATR TYPE ARRAY IS USFD Te *)
(* AFPRESTNT TIF NODYS. AN AERAY A “AS TQ BT AILQOCSTTL¥)
(* 8S BIG AS TYF MAXIM™ SIZF OF THE QUEYF, @\

PROCRAM EEAPS
CONST MAX=Ggee:
RAN=3,93%

TAR J <IMNTEIGFER?

SPED:RTALS
s ComD: CEARS
3 A:ARRAY(1..15¢€] CF INTEGER;
f N,PRTY,FXCE,FIRST,? ,P:TNTTCERS E

: PPT: TEXTS i
1 FUNCTIOY IANTOM:INTECPR; (#CINFRATES RANTCM NUMETAS BETKTITY =) f
; BELIN (% 1 AND 102¢ =) :
5 STED:=SPFL*27.182813+31.415017; i
3 SERL:=SFEL~TRUNC (STEL); >
: RANDCM:=1+TRURC(122¢*STFD) 3 ’
3 FND; 1
3 PRNCEDURE SIPPUP(VER I:INTECER);FORWART: 3
: PRCCTPURE TASTRT(VAR PRTY:INTIGER);(®ATDS NTY VCDT 7C TET (UIUTX) :
: BPGIN (% INSTOT A NRL NOIT INTO A §I2P, ) :
N:=N+13 Q:=N3 .
] I® §OMAY TETN  WRITEL!(PRT, “FRRCA”) ;
1 TLSE -
TECIN :
a[¥]:=PRTY; z

SIFTUP(R);
INT .

PROCETU®F SIFTCP; (#3TLTUP NFRLY INSFRTFT ITPM =)
VAR WALF:INTECER:
TEVP: INTPITRS
TPCIN
WRILE I>1 TOC
TSIN
YALF:=I LTIV 2
IF A[EALF] < A[I] T3FM
3PAIN

z
>
=
-5
=
=

=
=
k-

3
~=

=
=

=
=
=
=

i
3
=

e
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PPOCEIDNURE DFLETE;
Vi TIMP:INTRCTR
P

e 4 e i) O
ot ia) D)
—
o R Y &
L] 1}
O =2 N
3

S

TEVPr =4 [N] ]

A[NY:=a[11;

L[1]:=TEmD;

Ne=l~13 P:=N; WIR

SIFTTOVN(TIRSE,P);
EYCH:=EX0T+1:

PROCTYDURY BTST: (*pToUD
RRCIN

IF NOe Toey

FLST  ¥RITE(P2T, ‘Y0

PRCCETLAE SIFTIOWH;(* SIFTrowy TgT 2CC

VAR TIMP:INTTITD;

BTCIN

FYCT: =03

YEIL® I <= (7 rIv 2)
RTEIN ’

-
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PRCCELURE SIFTIOWN( TL,Z:INTEGCER); (% SIFTIOWN THE ROCT T0 =)
VAR COUNT, F*?QT.L.TFNP INTYGFRES (% SATISFY 7T-ATY DRCPIRTYH)
TRCIN i
WEILE L <= (2+¥-2) DIV X DO (*DC IT UNTIL LOWEST TEVELx} :
PTGIN ;
PIRSTe=(X*L)~{(X-2Y; (% THT FIEST SON OF TpTIRE FROM IERTT*) g
J:=FIRST+1; (®* THT SYCOND SOM C7 PATITR TICM LIFT*)
COUNT:=1}
WITLT  (COUNT ¢ XY ANT (A[J] <> ¢ ) T (=0 IT UNTIL To*) 3
ITGIN (*3IE™ TTRMINATE SYMBOL OR EISUYUT MOST SCN OP TATEWRX) 4
I A[FIRST] > A[J] TueN (* FIND LARAEST SON *) §
PTCIN .
Je=J+13 3
COUNT:=COUNT+1} x
ENT 7 -
TLST ?
REGIN

FIRST:=J3
J1=J+13
COUNT:=COUNT+1;

FNT? i
TND: i
I e[ < A[FIDS"] TuEN é‘
ETAIN (* TXCPANCT LARCES™ SCON AWNL FATHER, *) ‘
L PEYESAK Do

TLST

L:=((Z+K-2) DIV %)+1; (*TIF ITEM IS 1K PRCPIR PLACE®)
ENTS R
ENTS (* END OF PROCTDURET SIFTTOWN *)

PPGCEDURE DFLETE; (% REMCVE THE EIGEEST PRIGRITY =) %
RECIN =
Iv N=¢ TUEN VUYPITELN(PxT,”NO ITE™ TQ TFLETTE’) 3
FIST i
RECIN :
L {N+1):=2[1]3(*MOVE TIGETST PRICRITY ITENM TO K+1th DPASTTIONX
A[l]:=A[N]; (*MOVT LAST ITEM IN (UTUT TC FIRST PCST” CNL%)
s (n] =03 (% 7TRQO TO INDICATT TTRMINATE SYMEQL,
Ne=N-13 P:=N; TI®:=1;
SITTPOWN(FIR,P); (*SIFTLQOYN THE FIRST ITEM TG PPCPER PCOSITICH:)
ENT:

TYD; (* END OF PROCEDURE DRLETE.*)

';‘4."53*,45'5@‘:;%:%@&,@ o ?JQ&\’*’;}E’&S’A M SSATRGARR MR e oL WA e akeb AT v Y
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PRCCETURE PRINT:
AP MUM:INTEGTR?
“FTQIN

N L Ll
24 bl w“ﬁ‘m‘a‘:‘ﬁ% .

NCie:=1; WRITEIN(PRT, ..\N=",N)

WEILT NTM <= N+1 DO
REGIN
WRITE(PRT,A[NUM] )
WRITE( PRT,’ °);
NTIM s =NTIM+; ¢
ENDS

FANDS

REGIN (#MAIN*)
REWRITE(P2T, “CCNSOLE:");
STRl:=¢,200¢;
Ne=d,
WRITE!(PRT, V2T IS TF
RTADLN(X): WRITE(PRT,’
VETIIT N & MaY-1 TO
PEGIN
wOITT(PPT, >’);
READLN(COMD) S

e

oo

IF COMD="1" THEN (* COMMANT TOR INSTRTION *)

BTGIN
PRTY :=RANTM;

T W 46 A 8 o 7 e

VRITELN (PRT, “PANTOV= “,DRTY);

INSTRT(PRTY)
PND
TIST
I® COMD='D’ TETN  DTL
TISF DPST; (x> FIND TUH
PRINT;S
DS
TAD,

K‘l

T
ol
¥

(¥ COMMAND FCR TERLITION =)
IGHFST PRINRITY IN TUF CUTFL™x)
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C. SINGLE LINKED-LIST

(* TEIS TPE IMPLEMINTATICN OF A PRIJRITY QUILZ
(* USING A SINGIY LIMKFD LIST PRGPE2TY, A
(* RECORD IS USZTT TC RTUPREEENT THT NOTES IW

PPOGRAM SINSLFLINY;

CONST MAY=2201

TYPE PT="NCDE;

NODE=RECORD
LINY :PTR;
KTY:INTEMER;
FAD;

VAR FRONT,PACY ,N:PTR;
NUM:INTECER;
CMD:CEAR;
SEET:RFAL;
PRT:TEXT}

FUNCTION RANDOM:INTEGER; (¥GUNERATES W:NLOM NUM3TR =)

REGIN (* Flk?EN 1 AND 1229%)
SEED:=SEFD * 27.18281& + 21.4158¢17
SEED:=SEFD-TFUNC(STFD);

F§2ANDOM:=1+TRUNC(1000*5EED)3

ENTS

wiTI

m
t=t
[®]
]
3
8]
(5]
(%)
€3]
-]
n
-3
o
o-,’
+33
[
3

PECCEDURE DFLETF: (% REMGVES T
VeR WIGH:INTEGPR;
BEGIN
IF NUVM = @ TTEN
¥RITEIN(PRT, "THTRE IS NO ITEM IN THF¥ QUEUT’,
ELSE
. IF NUM={ TUTN(®TIFRT IS ONLY CNF IP®™M IN THE QUELP, =)
DPCIN
FIGT:=FRONT .XEY:
FRONT:=NIL;
RACK:=NIL;
FNT
FLST (*TETRY APY MORT TZTAN ONE ITFM IN TEE SUTUT.XY
PRGIN
BICE:=FRCNT .KEY;
TRONT:=TRONT™,LINKS
FND;
TNT: (% ENT OF PROCELURT TELFTE.*)

PROCEDURE 3¥STi
REGIN
IF NUM = @ TUEN
YRITELN(PRT, “TEERE IS NO ITFM IN TTF LUTLF, ")
FLSE
WRITELN (PRT, "RICHEST PFIORITY IS: “,PRONT .KFY):
TND:  (* END Q" PROCEIDURFT RBEST,.*®)
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PROCFDURE INSERT: (* ADDS THET NE% NODET TO TEFT QUELF *)
VAR W:PTR; '
PECIN
IF NUM = 1 TEEN (* TIAST™ ITEM CAME IN TET QUAUE.*)
PRGIN
NEW(N)S (* CEEATE NEV NODT AND INITIALIZF =*)
~.¥WY:=RAYDOM;
FRONT :=N}
BACK:=N;
N~ LINT:=NIL;.
END
FLSE (* TEERT IS AT LEAST ONE ITIM IN TFE QUTYF.*)
BEGIV 2
VEW(N)f -
" JXEY:=RANDCN WRITELN (PRT, “PANPOM: * NT.XTY';

u LINK:=NTL; :
We=TRANT 3
IF 4~.XEY < N".KEY TEEN (*BICFIST PRINRITY CANME IN¥) ;
BEGIN )
NT.LINE:=FRONT; H
FRONT:=N3 3
END 3
FIST i
IF W .LINK = NTIL TEEN (* TEFRE IS ONLY ANT ITEM *) j
BEGIN

WoLLINE =N
RACY s=N?
END
FLSE (*TEERF ART AT IFAST T#Q ITTMS IN TIE CUELT®) :
BECIN
WHITT (%" LINX ™ ,XET >= N™.XEY) AND (% .LIN TACYY IC :
We=W" . LINK; (* FIND PROPTR PTACT FOR X o) '
IF W .LINZ .XKEY < M7, IFY TPTN
REAIN
N LINZ :=4 ", LINKS
WTLLINK =N
END
FLSF (* INSTET NT% ITEM AS AN LAST
PECIN
WOLLINKTLLINK =N
BACK:=N}
ENL:
END;
END3
TNDS

1
+3
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3%
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"

(*NAIH PROCEAMNY)
CPNSOTE:'

R

= ) b
3 rof =l i
st

Xt

YHILE NUM < ~MAX DO
RPGIN
WRITE(PRT,">");
READIN(COMD ) ~
I COMD = “I° TUFN (* COMMAND TOR INSTRTICN.:)
LEGIN
NUMe=NUM+13
INSFRT;
ENT
FLST
IT COMD = ‘D THEN (®COMMANT FOR DTLFTION.%)
TEGIN
AUMe=NUM-1
DELFTE;
EMNE
FLSE 3BEST; (= TIND TF
] PRINT; (% DISPLAY PR
4 ENT;
] TND. (* TND QOF MAIN PROGRAV *)

T EIGETST ITEM IN THE
IORIT
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D. LEFTIST TREE
(* TEIS IS THE IMPLEMWNTATICN COF A PRINRITY QURTE RY USINC*)
(* & LYPTIST TREY PROPERTY, RICCRD IS USTDL TC PFPREUSTNT NCDFS*)
PRPOCEAM LEFTISTS :
CCNST MAY=1Q@?
TYPE PTR="NODT;
NODZ=RFCORT
LEFT ,RICET :PThS
XFY,DIST:INTEGERS
ENTS
VAR RNCT:FTR?
NUM,PRTY:INTEGER?
CNMD:CHARS
SERD:REALS
H:BOCLEANS

2

PROCETURE INSERT(PRTY:INTEGRR; VAR P:PTR; VAR B:Z0NLTAN)S
VA®P N:PTR:  TEMD,I:INTFCER;
RTGIN  (* INSERT TET NT HODT INTO A LUPTIST TREPT, )

IT PT,DIST = 2 TwEN (% IS IT LEAT NODP 2%)

BEGIN

P .KEY:=PRTY;

PT.DIST:=1;

Fe=TRUE?

FOR I:=1 TO 2 DC

REGIN (*CRFATF 2 FTMPTY NADIS TOE LEAT NODPS*}

NTW(N)
4. DIST: =03
NT . KPY:=0;

=
ted - NN Pt

ICRL)
— a3 o i3
iy
o

PT.ZTFY >= PRTY TEEN
N_ (* ROOT"S XEY IS TIGGFR TUAN VFY ITFMS ppo7ys)

T PTLLYFTT.LTIST <= PTLRICETT,PIST °FIN

3TSIY (® GO TERC LTTT JPANCT *)

INSTPT(PRTY,P . ITFT,U)s

We=FALSE; (= INSTRTION TIOT LTFT TOPS NOT GROYLE BrIrmgs)

wND
FLSE
PEGIN (* ¢0 TYRY R

! 1
INSTRT(PRTY,P”.RIGET, )
I ° TUYN P NIST:=P

*
t3
[
w
-3
+
—
-e
-
2]
e
P
(o ]
HEe)
9
Z
7
e
(s}
(5]
[ ]
Iy}
13
3
*

ENDS
END

FISF (X%NFW IT®M IS TIGGTS TEAN ROCT’S wZVv =)
RRCIN (=EXCTANCE YZYS *)

TTMP=P” 7TV

PT.XFY:=PRT7Y;

DOTY :=TIWD;

INSERT(PPTY,P,T)S
% H
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DROCEIPUPF MPRCE(VAR P1,P2:PTR); (®ATTER TTLFTINN AT Trpx)

.
s
!
it sl RS
Al G

VAR DZ:PTR: (*ROOT MERCES ITS TWO SUBTIRFS )
BTGIN
IF P2°.DIST = 2 THEN pP2:=P1 E
ELST 3
IT P17,4%Y > P27 .77y TRIN :
RFGIN *
P2:=D2}
P2:=P1} :
P1:=PZ; _ :
MERGE(P1,P2 . LEFT);
TYD ,
FLSF MFRGF(P1,P2 .LFFT); : :
IT ROOT™™,LEFT T .PIST < RCOT T LRICET.LIST TETN :
BEEIN (*TYCHANCE LEFPT™ AND RIZET SUBTRTES*)

P2:=D00T ,L¥FT;
ROQTT.IEFT:=RCCT".
POOT .RIGET:=P3;
ENDS

[ ]

[op]

a2}

[ ]

.0
fiad hoan o

LT

PRCCTDURY DFLE™F( P:PTR): (* REMCVES TST FIGETST ITEV,*)
2RQIN
IF NUM = 1 TFEN
3E31Y
RAOT . TIST

LTS T PRI QT IRUNE o XUCONS NIRRALT S

“lw

!

RONT™,RIGET:=NIL}

ENT
FLST ;

IT NOM = 2 THEN #RITEIN(‘NO ITPM¥ IR TET CUEU:Z") .

RLSE :
IF PT.LFFT .KFY > PT,FIGET .XFY TITN :
PFGIN (*MAET LFFT SON ROOT AND MFPGT =) :

ROQT:=P  .LEFT: (% LEFT ANT RICHT SUTTRITSH) :

MYRGE(P",PIGUT,P . LEFT . LTFT); 3
FND :
FLST L
3P3IN (*¥AXF RIZET SON ROOT AND MFRGT =) =

ROOT:=P" ,RIGHT;  (* LYPT AND RIGHT SURTRFTS) E:

MEREGE(P™ ,LEFT ,P” ,RICGET .LF¥T); 3

ENDS ’
ENDS

Coge e
PO TP PG P FL T,

FUNCTIOM RANDOM:INTTCIR; (%#CITNTRATES RJANTOV NTMETRS™
RTLIN

SFEL:= SEFD = 27.,1820123 +
SEPL:=SFED - TRUNC(SERL);
PANDOM:=1 + TRUNC(MAX ~ S
TNT;

LA M NN LR SRt bt 2 vt
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PRQCYDURE PRINT(TEST:PTR):

BFCIN 3
IF TOST .YEY <> ¢ TUEN .
3T3IN :
¥RITE(” 7);
WRITE(TEST .XEY):
PRINT(TEST ,LTTT)"
PRINT(TEST .RIGE" -
P ENT
: TLST WRITER( =");
. END;
EECIN (% MAIN *) 3

NUM:=@3
SFFD:=2,2292;
F:=FALSE;
NTW(ROOT);

ROOT .DIST:=0;
ROCT™ .KET:=03
ROOT .L¥FT:=NIL}

St s i o o e v

RONT™ . RIGWT:=NIL; E
WEILT NUM < MAX DO §
BEGIN 2
¥RITE( D7) :
RFADLN (COMT) ¢ :
IT COMD = “I° THEN :
REGIN :

NCM:=NUM + 1% : g

Ee=FALSTS :
PRTY:=RANDNM; 3
WRITPLN( “RANLOM:’,PRTY)S =
* INSTRT(PRTY,ROCT,H)3 :

FND
FLST

IT COMD = “D° TEEN

ATGIN

IF NOM = @ TUTN WRITELN( ‘TEERE IS NO ITEM’
TLST

RTCIN

NTIVs=NOM - 13

LYLPTE(ROOT);
: NTS
: TNDS
: PRINT(20CT);
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DEGIN (=MATN DPRACRAY
PEWRITE(DPRT, “CCMSOLI:
2¥rD:=2,2702;

NIM:= 33

) ROOTe=NILs

WHILT NTM < 122 DO

TESIN

» r' 4

¥OoITE(PRT,>%);

orADLM(COMD) s

1T coMT="1" Turpy
ERCIN (* CRE
NTW(N)

N”.ZEY DOM;
NT.LEF 13
NTLRIC 113

NTMe=N
INSTRT
PRINT/
™D
risT
IT COMD = ‘1’ TuTy
TFPCIN
NTMe=NTIM=13
IF NIV £ 3 TUTY
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F. AVL-TREE

(* THIS IS TIE IMPLIMINT
(* GSING AN AVL-TREZ PRO
(* GSEL TO " “PRWSENT NOL

PROCRAM AVLTREL;
TYPE PTR=NODE3
NODF=RFCOZT
XTY:INTICER

LTFT,RISET:PTR;

BAL:-1..+1)
ENDS
VAR RCOT:PTP®}
J:BOOLFANS
NTM,PRTY:INTEGERS
SEED:RTALS
COMD:CHARS

PROCEDURY INSERT(X:INTZC

VAR P1,P2:PTR;

BEGIN (= INSERTS TET NZTU
IF P = HIL TETN (*IS R
3EGIY

NEW(P);
T:=TRUE; (* SUPTIEE
WITE P~ IC
RFGIN
TEY :=X1
LEFT:=NIL:
RIGHT:=NIL;
RAL :=¢3
TN D;
ENE

3EGIN

INSERT{X,P .LEFT,H
IF T T2FN  (®LE7T

CASE P .EAL

or
2: PT.BAL:=-1; (¥TIX
1: BEGIN (*T3F
PT,.RAL:=2; (
E:=FALSE;

END}
=1: EZCIN
P1:=P_.LE™Tj
IF P1 .BAL = -1 1T
EZGIN (=1
P JLEFT:=P1 .RIG

L W i Kl

ATICN OF & PRIQRITY QUTUZI TV %)
PERTY. A DATA TYPT SECOPL IS *
ES. ::l)

?

¥
E2; VAR P:PTR; V22 T:FOQOLTAN): .
NOPF INTQ TREF. *)
TACEED LEAT NOTZ,INSTRT NEW ITEwx) .
NCTT AYD INITIATLIZE, X 3
ERICST IS INCREASFT *) :
:
FNTW ITEM IS LTSS TTAN CCT p*) .
)s {= 0 zZRY LIFT SO\ =
BRANCT EAS 5aCWN TIGIFR *) ;

IS SLANTET TO TSE LIFT
TS IMPATANCE AT P =AS
2N EQUILIBRATET. *)
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FGIN (# 20 L2 FOTATINN =)
P2:=P1" ,R1CUT;
P17, RIGET:=P2" LET™;
P27 .LEFT:=P1;
PT L LEFT:=P2" ,RICET;
P27 .RIGHT:=P;
2 .BAL = -1 TEYN P . RAL:=+1
ST DT PeLiz=¢;
T.3AL = +#1 TEEY P1”.3&L:=-1
A =

N I g rg
9
*)
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=t || et red bty

bef bo) 52 oo 1 4 pxg b4 )
L4t e ‘g0
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ns:RT(x,;“.ﬁzszT.s): (% 0 TERY 2IcT? 3
F E TIEN (¥ RIGST 3FANCI 345 ZRCWN TI3

FGIN

AST PTL.EAL OF

.BAL:=+1; (®73IT YTIZZT IS SILANTED
ROEIN (*TIF PUTVINCS INTSLANCT
PT.TAL:=2; (* TTIn TQUILIER#TTT

T:=FALST;
”VD‘

(* pc ¥®1L
P2:—P1 LIPS

P1” . LFFT:=P2”  RINTm;
F27,RI1CTT:=P];

ROTATICON x)

P~ .Rlcnm:=92“.:??T;
P27  LIFT:=D;
IT PP7,3AL = +1 7PN P 38L:= -
FLSF _P7.®AL:=3;
IF P27 .TAT = =1 TEEN P1 .TAL:-+1
TLST P17.3AL:={;
P:=P2;
THTS
P” . 3AL:=p;
T:=TALSF;
ENT;

ENDY  ENTD
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FUNCTION 2ENTQOV:INTEG
BECIN .

ugwwmaMMmmmMmmwﬁﬁﬁ“f

SFED:=SFTD ¥ 27,122212% + 31,41£217;

SFTED:=STTD - TRYUNC{STEL);

RANIOM:=1 + TRUNC(1¢€*SITT); :
TN D3 y

PROCEDURET EALANC (VAT P:PTR; VA2 T:200ITAN);
VAR P1,P2:PTR; (% RIFALANSE TEE TRET APTER ITLITION®)

34L1,3AT2:-1..+13 : .

BPGIN (% D=TRJF,DICYT THANCY TAS BTCCMI LESS SIGHFCH) )

CASE PT.FAL oF i

1:P7,38AL:=03 2
2:2EGIN 3 -
DT, PAL:=-1} I
F:=TALSE; 1.
ENT; .
-1:ERGIN [* ZRPALANCE 53BT227T %) .
P1:=P",I777; i
BAI1:=F1”.TAI; 3
IF BAll <= ¢ T:E=Y 3
ESIN (* 2C LI ©2OTATICH =) 1]
LLETT:=P1” FIGST; 7

P17, RICET:=D3 :

4 IT ALY = ¢ T3 N

‘ TYETIN §
2 PT.PAL:=-1; P
31 P17 .3AL:=+13; L
=B Te=FAISTS i
33 FNT il
EE FTLST N
et =R
=E <BAL =23 Ig

o

‘d = '9'd A
[argre e

L)

o

-

[yn]

(X

il

-e

.e =0

E :
P:= ©3
FAD s =
FISTE i3

BEGIN (* TC 12 ROIATION =) 2 A
P2:=P1" RIZTIT; iE
RAT2:=P2"  FAL? R
P17 RICY™ =2 [ LTTT; ER
P2”, 1T T:=P1; 3=

-~ -~ 2 3
PT,ITFT:=PZ” ,RITT; 3 A
P27 RICIT =D EA
IT PAL? = -1 T3ITY PT RiTi=+] i 3
FIST P .RaAL:=2; 3
IF PAI2 = 41 7oT8 D17 Ftle=-1 3 =
TISF D17,BAl:=C; 3
=023 g 3
FAL:=C: 3
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PROCTTURT DFLEME(VAR P:PTR; VAR T:ECCLTAM)S
VAR Q:PTR :
' TPS TFT NODF WITY HIGY®ST PRICRITY *)
* TIEN (* QUIUE IS EMPTY %)
BEGIN
WRPITRIN(’QUTUF IS PMPTY’);
F:=FALSE;
BND
ELST
BECIN
I® PT.RIGET <> NIL TIAZIN
REGIN (> SFARCY UNTIL TO REACY LFA: NODE *)
DFLETF(P " ,RIGET,E); (* GO THIU RALGHT SOV *)
IT T TPEN  RALANC(P,H); (* REBALANCP SUBTREM*)

Q
TRUF; (*TTIGHT OF TEF SUBTREY HAS 3TEN RFTUCED*)
’

REGIN
NiMe=0,
SFFD:=F,200¢;
T:=FALSE;
ROCT:=NIL;
WEILF NUM < 1¢2 DO
PEGIN
WRITE(’>%)s
RFADIN(COMD);
IF COMD = “I° TEEN
BREGIN
NOMe=NUM+13
PRTY :=RANTOM;
E:=FALSE:
INSERT(PRTY,ROCT,R);
FND
BLSE
IF COMD =D’ TUEN
RFGIN
B:=FALSE;
DRLETF(P00T,H) 3
NUM s =NUM-13
END
FLSF WRITELN(ZINVALID COVMMANDT);
INDS
ENT.
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(*TTIS IS TYFE IMPLYMENTATION NF A PRINRITY CUTITT §V )
(*USING A 2-2 TREYE PROPTRTY, # DATA TYPT RECARD IS  *)
(* USED TQ PEPPYSENT TIT NQDES IN TI® TPTP, )
PPOGRAM TWOTHRETR;
TYp® PTR ="NCOLE;
NODE=RTCORD
LEFT,RINET MIDPLE,PARENT:PTR;
L,M,CDUNT.IMTnG?R,
END

VAR N,F,V, T’“P,ROCT.. TATHER,J,PRTY:2TR;
NER, A NTM MAY NEWMAY: INTREGERS
SFED:QTALS
PRT:TTXT;
COMP:CEAR;
T:30CI TAN;
PROCELURE UPLATZ (VAR BCUND:PTR);
RECIN . . _ 2
wEILE BOUND ™ .RISHT .COUNT = 2 PO 3BOUND:=BOUND .RIGET;
END; B
PRCCEIURL ADLSON(2:PTR); ;
VAR X,X1,21:PTT; :
DEGIN(=CRFATE NTVW YTRTEX AND MAXE RIGUTMOST TWC SONS OF “Z7) 3
NEW(X)s (*LEFT ANDT RICET 30NS CF “X° %) }
x‘.L:?T:—Tvv Y
1" RIGHT:=2" LS 16TT; :
X7 MITDLE:=NIL;
X" PARENT:=NIL;

X COUNT:=D;

TEMP™ ,PARENT:=X;

u:.RIGH” .PAPVV”'—k, :
‘.RIGHT =7” ,MIDDLE a
Z_ .RIGET JPARENT:=7;

2" MIDDLE:=0L;
IF 2" .LEFT".COUNT <> 4 TUEN(®°Z” IS T7T FAT"TR OF LT NOTES™)

EZGIN
z Me=7" .RI-h M'(* ADJUST L AND M VALUES OF z =) ;
27.L:=2",1LEFT" 3
ENT 3
PLST (* 227 IS NOT TET WATYFR OF LEAF NQLES *) 3
BEGIN %
21:=2" JLEFT; 3
UP“ATV(ZI)? 3
27.L: —Z‘“.“IPHT".N;(*ADJUST L AND M VAIUTS OF 2 TUFU LTaf*) 3
71:=2" . RIGET; §
UPDATE(Z;); i
2" M:=21".RIGHT .M; 7
ND
IF x“.LEFT“.COUNT > ¢ TITHN(*‘X°1S TEE FATHER OF LEAF NCDES™) 3
BRGIN 3
YoM=Y T RIGRYT .My (x ADJUOT L ANT M VALUKS OF “i” *) 3
XY Li=X"  IETTT M K
END §§
‘;1"3
3
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ELSE (* “X“IS NOT FATIER OF L
REGIN
X1:=k" .LEFT;
) UPDATE(X1)3 R
X7.Le=X1".RIGHT .M; (®ADJUST L AND M VALUFS OF ‘X’ »)
X1:=X" .RICGET;
UPDATE(X1); N
X oMi=X1T L RIGHT .03
ENTS
77 PARENT=NIL TEEN (*°2° IS ROCT.CREATE NEW X007 AND=)
DEGIN(*MAXE “Z° LETT SON OF RCOT, X" RIGET SON OF ROCT*)
NEW(V);
VYT.LEFT:=Z3
VT.RIGET:=X;

9
v MIDTIE:=NIL
IL

—
=

TT L PARENT : =N
77 PARINT:=V;

X" .PARENT :=V;
VT .COUNT:=7;

- M

TR

TLSTE (* °Z’ IS NOT ROCT =)

tsy
=
[gr] 4
Toad ot Seans, gind a2

a0 ]
]

155
*

‘o
1423
t
==
-3
-

IT F MIDDLE = NIL TEEN (*FATHFR CF "2 ZAS TWO SON¥,

B
t«
=’
am

m
i
BEGIN(®*NFY VERTFX BFCOMES MITLLE SON OF TATFZR:
" MILDLE:=X;_
OL:=F .LEFT .f".;

T oMe=F T WITIIE WM

-
X
y
¥
INT
TLST (> NEW VERITX 3ZCCMES RISET SCN OF FATFER =
EEGIV ~ d
P MITTLE:=F RIGETS F
~ - ® 3
F_WFISET:=Y; §
- ”~ s ‘,ﬁ
FUMe=FT MITDIZ .My Ze=MITS 703
IT 8 TEUN(*TIGCEIST DRIORITY ITEY CAMI IYTC QURUTY) 43
= _
3E3 1IN 3
WAII® T L,PARENT O NiL TO Y 3
BECIY g
Ti=T . PARENT; 3
IT (F .MITDLE=NIL) AND {F .V < N7.CCUNT) TVEN o
Fo ve=N",CCLNTS 3 i
TND; B
',.‘R'T" ’3 H
o) I ] == :
TN a i
EAD F
.o - 2yt . - - .e = =
TLST (* TATYTR CT “Z° EAS TIRTT SONS =) =
AR =
Z= 3
H 3
§§ S
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e = e

TS ;A,Qnggg_}ms %3%'},;*;‘?6«:.#3“-‘3‘%@3?_“-‘*‘; TR 34
O

IF F . LFFT = 2 THEN(*NEY VERTEX SFCUMES STCCNL 30N *) i
BEGIN (* OF FATHEFR FROM LifT. ¥) A
TEMP:=P" ,MIDDLE i
5 MIDDLE:=X; X:=NIL; :
ADISON(F); 2
END -
ELSE :
IF PTLRIGET = Z TETH(#NEY VERTEX BZCOMIS FOURTW SON®) '

EGIN * CF FATETR 7RCM LETT,

TrMP:=F" RIGET; i
FTLRICET:=2; X:=NIL; ‘
ADDSCH(Z)s : |
END :
ELSE{*NEV VIRL:X FCCOM®S RICHT SOK OF FATHFR =) ok
BESIN 3
TEMP:=X; X:=NIL; ; :

TISCH(F)s 3

znn; :

END; ) 1
END: (* END OF PROCZLURE ATLSON *) j

FUNCTION SEARCE( A:INTEGER; F:rTR):PT: ot
BEGIN

s

IP 27 LEFTTLCCUNT <> ¢ TSEN  (*REZTURN POINTER 10 VERTEX™) ; E
SEARCE:=F ’
FLSE
IF A <=1R7.L TEEM (®gFARCL THRU LIIT SON¥)
SEARCE:=SFARCI(4,F .LFTT)

tay

|

v

— try
aA O

T (AC=R7LY) ANL (RTWMITILETONIL) TEIN
SFAPCE:=STARCZ(A,% .MIDPILE) (*#STARCIZ TIZRU MIDILT SCN *°
FL3F
SEARCT :=STARCE(A,R .TCEY); (% STARCH THRU RIGHET SON )
E¥ND; (®END OT TUNCTIGY STARCE *)
PROCELURE PRINT(TEST:P<%);
. TECIN
IT TEST <> NIL TIEN
BTZIN
IF TEST .COUNT <O £ TEIN ;
BEGIN -
YIITE(PRT,” ) e
YRITE(PRT,TEST WM, ')
END; R
PRIN LLFFT)

: PRINT(TEST .RIGA :
: ENT; :
: END;

FUNCTIION RANDOM:INTEGER;(*GENERATES INTEZER WUM3ERS *)
BEGIN
SELD:=SEED * 27.182£15 + 31.415917;
S*nu“St*D - TRUNC(SERD)S
RANDOM:=1 + TRUNC (8¢ * SEET);
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gaggznuaz INSERT(NUM:INTFCFR)S ;
ICIN .
IT NBR=1 TIEN(®* TIIS IS TZTr FIRST ITEM IN CQUETE =)
CJ..UI\
RCCT:=uIl;
T 1), (= CRTATE NTW NCIE AND INITIALIZT =)
kI;H N~ DO
EEGIN -
UUUNTo=. .
L:=9,
Ms=COUNT
:
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'RITELN(PRT, "RANDOM: “ 8 " CCUNT); 5
IRST ROCT IN TEE SURUT AND “AKE *) i
"%z PIRST TTM AS LEFT SCY OF 2007 *) ’

nzv(v); G
YITE V© 35
BECIN
COUNT:=¢;
LETT:=N?
RIGIT:=NIL
MITDLE:=NI
I

PTT TV

s e TTUY

RO T F NI

e

TAT
TLSE -
IT NER =2 TEEN (* SICONL ITIM CAME INTO QUEUE *)

NFE (M) 3

WITE N~ IO

BIGIY

COUNT:=NUV;

L:=0;

M:=COUNT3

LEFT:=NIL; PARENT:=NIL;

3 RICHT:=NIL;

5 MILDDLE:=NIL;

2 . ENDj
URITELu(DRT,'NER: “WNER,” RANIOM: “,N".COUNT);

Pérnd t=aoCT)

' IF N JCOUNTDRO0T  LIFFT oiv 2R
EEGIN (* MAKE 2tn ITEN,IIGHT SCM CF R007%)
ROCT ™ .FISHT:=N;
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ELSE (*MAKE SLCOND IVEM, LEFT SON OF ROOT *) ;

BE3IN .

ROOT .RICHT:=R0CT .LITT;
ROCT " .LEFT:
RGOT .#:=RCOT

¥

EF?” . M¢
END;

END
ZLSE  (* QUEUF %AS ALEFADY 2 OR MCRE ITEM IN IT *)

BEGIN (* CREATE NEW NOLE AND INITIALIZE *)

NEW(N)S '

WITHE N~ DO

EEGIN

COUNT:=NUM;

L:=2;

Me=COUNT;

LEFT:=NIL; PARFAT:=NIL;

RIGHT:=NIL;

MIDLLE:=NIL;

END;

*RITELN(FRT, "NBR: " NER,”
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- F:=SEARCH(& .COUNT,RCOT)s (* PCINTEI TC T3Z FAITVER CF *)
E * FRCPER PLACT FOR A3W ITIh. *)
3 IT FT.MIDTLE = NIL CTEEN (* T Ha3 TL0 SONE ) ‘
= E
4 IF N".CCUNT <= ¥ .L TEEM :
53 BEGIN (¥ MaK: TEI NEW ITEX 3T LEFT SCi o T *} :
3 FoLNIDTLE:=5F" (LEFT; 3
= FTLLEFT =3 i
< NT.PARENT:=F; H
2 TooM:=F_MIICLE .M ;
3 F™.L:=F  JLEFT .%; g
- TN 3
PisF 3
IT 87.CCUNT D>= F .M TEEN :

PRI
.

A

I LT UEVLED

BEGIN
‘ WEILE ¥~ .PARENT <> H#IL IO
BEGIN

=
-t
[77]
=4
PITRT N [T Ay i“:k:".‘b‘mx
Lo e

- o~ . 3
IF ¥ ,PARENT  .NILDLF = NIL THFY 3

Fi=7 L PAFENT; 3
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Eivyy w3
. 3:‘:§ :
END ’ ;;2*;:‘ H
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I FLST (¥FAXE TEE NEW ITiw MIULLI SON oF 7%)

¥ OMIDDLE:=N}
N JPARENT:=T;
T Me=F T MIDDLE T Wk

IAT :
ELSET (® T ALREATY ZiS5 TZRET SCHS ¥ -
I NTLCOUNT <= F .1 THEIN (3 MANYT NTW VIRTTX %) 3
BEGIN (*SECONI: SON OF F =) k
TEVMP:=F".~IDDLE; ;
F~.mIDDLE:=F .LFFT; g
F_.LEFT:=Nj .
LPARENT :=F; 4
ADDSON(F); F
END -
FLSE I 3
IT N7.C0UNT &= T .M TUIN{> MAKT NTa VERTEX *; ]
. (®= SECCNI SC¥ {7 T IRO™ TIFT™) :
BIZI T

TEMP:=F .MIDDLE; :
F~JMILLLE:=N; sk
NT PARZNT:=F; :
ACDSON(E)3 2
ENT L
TLSE :
IF N".COUMNE > F .R

BEGIN (*MAXE uZ =X th SC¥ Cf F¥)
TINPi=F L RIGET;

T LRIGET:=N;

£:=73LEs

ADISCH(T);

Z:=FALST;
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PROCEDURE SUPSONS

VAR L1:PTR;

BEZIN -
FATHER:=X LPARENT;
IF FATHER™

BEGIN N
J :=FATHER JLEFT;
IF J .nI Ll O NIL

K LRIGET
:
«LETT L PARETNT:

J MILCDLE:=NIL;

IF KT.LEFT L.COUNT <O ¢ THEw (¥ADJUST L AND ¥ VALUES®)
EFGIN .
K oMe=K" JRIGEL™ M3
a e 0=K .LEFT .;“:;
EN
ELSE
BIGIN
ri:=x" ,LETT;
rpna %1); .
.L.-h JLIGET .M
1-— .RIGET;
LD* E(X1)s
Z .m:=;1 15:-3 S UM H
END;
FATHER .L:=J_.N;
TATETR M=K . N5
WEILF FATIRR™.PARFNT < KII E0
PEGIN i
FATRIR:=FATLEL PARTNT R .
IF FATHER  MILTLIE = x:: TEEN  FATHFR .vi=K LM

ELSE (* LEFT BROTE:E®
EEGIN .
g .MILDDLE:=J  RIGET;
JTL.RIGET:=X .LZTT;
o JRICETTL.TARENT:=J:
FATEEE T ,RIGIT:=N1IL:
Te=FATYZERS
IT 7 = 2CCT TEZN (% WI
BF3IN
RO0T:=30CT .LEIT
A00T .PARENT :=N1

END
ELSE SUZSON;F(*NOT

Z3TS

t

ND

’
RIGET:=J " .MILDLE;

murrsy (;‘;T nT

Par ey
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MIDLLE = MIL THEN (*rATzER 3AS TRD SONS*)

TROTZER EAS T SONS™®
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ELSE (*FATEER PAS T SCN *

REGIN .

J:=FATHZR .MILDLE;

IF J”.MIDDLE=nIL TEEN (®MILULE BECTHXI2 SAS TWC SCN3*)
BEQIN R

oMIITLE:=g LRICETS

J nIuH:-—( CLETTS
J” .RIuH” +FARENT:=4; _
IAMSLR «RICHT :=FATEER .MITDLES
F&THER .PIDDLE:=*IL; -
FATAFR .M:=K".L;
WEILE FATEER LPARINT <O NIL IO :

BEGIN

123 = VIL TEEN  FATEER JVi=X L5

£NDs 3
IND .
TLSE (% MIDDLT ERCTFER EAS TZREIT SCHRS =) B
BEGIN -

R_.RICAT:=k".LEFT;
K. LEFT:=J .RIGET;
L. LEFT .PARTNT:=X;
J7.RIGHT:=J  .MIDLLE;
J7 IrnLe:=~1§;
< .L T.LEFT
K" ~.R1GAT T

)

[

WHIL: FATEER «PARENT <O wIT IO
BzEIN
FATHER:=FATSFR .PARY *NT3 .
IF FATEER .MITLLE = NIL TETN  TATSER .v:i=X".F:
END? . |
END; ﬁ
ENDS ; ﬁ
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PROCEDURFE DELET®; (*REMOVES 74X RIGHT MOST NOLDFF)
EEGIN

ey, PO P L iy s

, Z:=R0CT; .
= IF(X".LEFT=NTL) AND (X7.PIGPT=NIL) TTFN WRITELN(FRT, 80 ITEN’)

e i, R A TR

= - ZLST
B I7 (X".MIDDLE=NIL) ANT (Z7.RITET.CCUNT <> 2 TEHEN
B BEGIN (= TIFEX ARE ONLY Tw0 ITTMS IN TUP {UTUT =)

MAX:=K" .RIGET .COUNT;

K".RIGET:=NIL; :
- WRITELN(PRT, “MAX: “,MAX); ' :
e IF X" LEF7=NIL TEEN(STZERE IS ONLY ONE ITE™ IN TEE QU2UZ¥) :
= WRITELN(PRT, “LAST ITEM") !
= ELSE !
- EZGIN . :
3 £ JRI3ET:=K .LEFT; 3
3 K~ LEFT:=NILj :
= END: :
FLSF (* TFIRY ARE NMORE THaN T%0 ITEMS IN THE QUEUE =) :
BECTIY }
UPPATE(%): :
MAX:=K".RIGET".COTNT; §
WRITZLN (PRT, "MAX: 7 ,MAX)S :
IF Z7,MICDLE = 4IL TEEY SU35CH (¥ I 3FAS TWC SC¥S ) :
FLSE (* £ TAS TETET SONS %) ;
EEGIN i
Z7.PI1GIT:=NIL; 2
K .RIGET:=K .MILDLE; ;

K™ .MIITLE:=NIL; i
NEWMAX:=X" R.GET . 3CUNT; :

WHILE X7 .PARENT <> NIL D0

BEGIN |

=L .PARENT; . |

IF ¥".MIDDLE = NIZ T3TN vV i=NEENALS s

ENTS . i

T4C; ,

:
33
)
3
PRCCIDURE BEST; (*RETURNS RIGET MC5T ITZM 1Y T3T CUNUIF) 3
VAR PRTT:PTF; %
EIG:INTEREY; 3
3EGIN S
PRTY:=RN0T; g
IF PRTY".RIGHT <> NIL THEN 3:
3EGIN 3
3
4
==

cepymee
QU" -9

P
EIC:=P2T r
- o - o ~ e - ’
( o EIGEXST PRIGFITY IY SUZWE IS

“RITZLN :
END =
TLSE WRITELN(PRT, CUIUE IS EMPIT.. ) %
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BEGIN(®MAIN®)
REWRITE(PRT, "CONSOLE: )3
SEED:=2.2¢ee7;
NBR:=Z3
E:=FALSES
WEILF NER <25¢ TC
BTZIN
RFAD(COMD);
IF COMD = ‘17 TUZN (* INSEIZI COMMANT =)
REIIN :
NDP:=NRP+1; )
NTIM =R ANT(OM; .
INSERT(NTUV)S
TND :
ELSE
I* cOMD = “D° TEIY (* DTLETT COMMAND *) :

ENT 8
ELSE ’

IF COMD = "B’ TEFN 3T
FLSE WRITELN (PRT, "INVA :
INT; )
END. :
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FIXED PRIORITY f

H.

(* THIS IS TOF IMPIFMFNTATION OF A PRINPITY QUTUE =Y =)
(* USING A FIY PRIMRITY PRAPERTY, A TATA TYPT RECART *)
(* IS USED TO PTPRESFANT TET NCDFS. THE ID PITLD IN *)
(* TE® RFCODD INTICATES TUF [TPNTIFICATINN OF & ITEM,*)

PROGREM FIXPRTYS
CONST MAX=50;3

N=13; [®*NGMRFR OF DIIFERENT PRIORITIPS™
M=253%
TYPE PTR="CIT;
CIT=RTCORT ' i
ID:INTYCFR; g
NFXT: 0173 ;
FND3 :
NOTE=RECORT
PIPST,IAST: CIT; :
ENT; ;
A=SET OF 1..M; *
VAR B:ARRAY(1Z..M] OF NODE; (¥INDEX CT TYTTINAL NOTES® )
TOTAL:zAS F
EERIGTE,Y,“AXIM,NUM, PRIV, K INTECERS :
COMD:CTAR; k.
SEYFD:RFALS i
Y,Z:PTR; o
PROCEDURE INSERT(K:INT®GES); (* INSERTS THE NTI¥ 4QDT *) 2
EECIN :
NUM:=NUM+13 )
NF¥(Y); (*cvprr NFY NODE FCR NTW ITTMX) B
Y .Ir:=22; (*NFW ITEM IDWNTIFICATICN®)
YT NTET:=NIL;
IF 2(X].12ST= NIL  TEEN
EECIN (*PIRST ITEM IN TEIS PRICRTY*) :
B{F].FIRST:=Ys (FLINT YEY ITEN® %
n{v] . LAST:=Y; i
REPEAT (*SET UP ARRAY ALONC DPATE TEDP|j ROOT*) 3 =
"CTAL:=TOT:L + [X]3 3
K:=K DIV 2; £
UNTIL X=¢3 3
FND 2 3
FTISF (*TYPPF I3 ATLFAST CaX ITIM IN T3I5 BPIORTY™} ER
- RROIN H :
] LAST .NTXT:=Y;  (®LIaX NTW ITTM AS LAST ITEVS} 7 g
3{K]).LAST:=V} % E
MTS % §
FND; 3
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J:=1%
YHILE J < N TO
RPGIN  (* TIND TET ZTIGEWST PRIOAIT
J:=2%]3
IF J+1 IN TQTAL TEEN Je=J+1; (*G
BND:
IT B[J].FI?ST <> 2[J).IAST T
RIT) .FIRST:=R[J) .3I3ST .MEZ

Py (%
T {*I7

s s I R S o T STy .
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PTGIN (*TTTPE IS CONLY CONT ITFM IN TT

E[J] .FIRST:=NIL;
o{7) . LAST:=NIL;
TOTAL:=TOTeY - [1];
QEPTAT

I® (J MCD 2) = @ 73T
RECIN {=WF ADF® ON THF ITPT
J:=J DIV 23 (% 7220,

TCTAI:=TQTAL-[J]}
END

IP J-1 ¥ TQTAL TITY J:=1{%

s

F DIV 23
A1 :=TnT2L-{J3

1) e¢ »3 | v

h 17 (® ¥E RTACEFD JCOT,TEFRV
ENTS
INTS
™Ts

(*LTF™ SQON IS 7900

L Y T

o

1

TONCTION RENTAMIINTPCETS (RGINETATTS RANTAY NUVEPRSR)

ITCIN

STrL:=8F¥TD * 27,19281% + X1.41£217%
STEL:=STFL - TRUNCI(STID);

RANTCMe=1 + TRUNC(M * STPTYS

DNTS

PBOCITYRE PPINTS
VAR V:INTEGE®
AT

~§6§:V:=1 T
TEGIN

3:3
O O

IV 1Y TAL TREM  wRITE(V, )
PLST WRITR(’="):
IXT;  WRITELNS
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PEGIN
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